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*  There is NO reading time. * Attempt questions 1 — 5
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Total marks 68
Attempt questions 1 to 5

Answer each Question in a Separate writing booklet

(Use a SEPARATE writing booklet)

Question 1 (15 marks)

(a) Evaluate sin2 correct to 2 decimal places.

(b) Convert 75° to radians (in terms of 7).

(c) Differentiate the following with respect to x:

i 234 e3
ii. xed®
iii. sin’®z
iv. In {(w + 1)3}
z—1

(d) If f(z) = tanz, find the exact value of:
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(Use a SEPARATE writing booklet)

Question 2 (15 marks)

(a) Consider the series: 195 + 191 + 187 4 183 + ....
i. Write an expression for the nth term of the series.
ii. What is the first term less than zero?

iii. What is the sum of all the terms that are greater than zero?

(b) Consider the series: 2 — 6z + 18z% — 54x® + ...
i. For what values of x will a limiting sum exist for the geometric series?

ii. For what value of x is the limiting sum 97

(c) The area bounded by the curve y = 4 — 22 and the z-axis is rotated about the y-axis.

Find the volume of the solid formed in terms of .

(d) A tangent to the curve y = e~* meets the z and y axes at equal (positive) distances

from the origin. Find the equation of this tangent in general form.



(Use a SEPARATE writing booklet)

Question 3 (13 marks)

(a) The population of a small town is increasing at a decreasing rate. Given that P is

the population of the town at a given time ¢, what does this statement imply about
dP d*P

— and —7

dt de?

(b) Find the fifth term of a series whose sum to n terms is given by S,, = 11n — n?.

(c) If [7 f(x)dz =3, find [ 3[f(z) + 2]dx.

(d) Solve for z: logys (62 —9) = log; .

(e) A particle, moving in a straight line, at time ¢ seconds has velocity

v = 3t — 18t + 24 m/s. Initially the particle is at the origin.
i. When is the particle at rest?
ii. State the displacement function.

iii. How far has the particle travelled in the first 4 seconds?

iv. Does the particle return to the origin?



(Use a SEPARATE writing booklet)

Question 4 (13 marks)

14+e 2

a) Find a primitive of —————
(2) P v 1+ e2®

(b) i Sketch the curve y = log,(z + 2), showing any asymptotes and intercepts with

the x and y axes.

ii. Find the exact area enclosed by the curve and the x and y axes.

(c) A graph of the function, y = z(x — a)?, for constant a, has a local maximum at P

and a local minimum at Q.

i. Determine the coordinates of P and () in terms of a.
ii. Determine the area bound by the curve and the z-axis, between the origin and
the point @), in terms of a, and hence find the value of a if the area is % square

units.



(Use a SEPARATE writing booklet)

Question 5 (12 marks)

(a) The parabola y = ax? + bx + ¢ passes through the points (—1,2), (1,3) and (3,9).

Evaluate [° (az? + bx + ¢)dz.

(b) AB is a diameter of a semicircle and the chord AP makes an angle of z radians with

AB. If AP divides the semicircle into two equal areas, prove that 2z 4 sin 2x = g

(¢) In the diagram, the sphere has a diameter of 10cm. Also, the right circular cone
has a height of 10cm, and its base has a diameter of 10cm. The sphere and cone
sit on a horizontal surface. If a horizontal plane cuts both the sphere and the cone,
the cross-sections will both be circles, as shown. Let the radii of the cross-sections

of the cone and sphere at height h be r; and ry respectively.

i. Show that r2 = (5 — %)” and 3 = 10h — 2.
ii. Hence, or otherwise, find the height of the horizontal plane that gives the

greatest sum of the cross-sectional areas.

e—10 —>

End of paper
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2008 Accelerated Mathematics Yearly:
Solutions— Question 5

5. (a) The parabola y = az? + bz -+ ¢ passes through the points (—1,2), (1,3) and

(3,9). Evaluate/ (ax? + bz + ¢)dz.
-1

Solutlon Usmg Simpson’s rule, Wthh is exact f01 quadratlcs—

—-1111]2
y[ 2 [3]9
h= 2
. Integral = §<2+4><3+9),

—4—6—0111/3

Solution: Alternative method—

2= a— b+c (1]
3= a+ b+c (2]
9= 9a+43b+c__(3]
2]-(1): 1= 2,
: b= 1
(3)-(2): 6= 8a+1,
o= 5.
Sub. in(1): 2= /8 2 +c,
c—1 \
I= 3 1(53, + 4z + 15) dz,
3 3
= %[zg— 2:172-1-15:!,}_1,
:—1—{45 18—!—40—(——5-!-2—15)}
8 3 '
46

= — or 15/,

w2 |




(b) AB is a diameter of a semicircle and the chord AP makes an angle of x radians
with AB. If AP divides the semicircle into two equal areas, prove that 2x +

.
§in 20 = —,
sin 2x :
26 211. 0
Solution: Area] — o _ T80 ’
2 2
= 12_((71_ — 2z) — sin(m — 23;)),
/)42
= ?(’” — 2z — sin 2z),
2 2
T r .
7.6, — X -7[2—7r- = 5(7{-_237"‘811'1237),
9= T — 2% — sin 2z,
22 + sin 22 = g

Solution: Alternativegmethod—

Areal = %(77 —2z) — %— sin(m — 2z),
2 2

m%u=%%+%mm—my

Equating areas,

22 + sin(m — 22) = 7 — 2z — sin(m — 2%),
4o+ 2sin 2z = T,

22+ sin 2z = —g




(c) In the diagram, the sphere has a diameter of 10cm. Also, the right circular cone
has a height of 10cm, and its base has a diameter of 10cm. The sphere and
cone sit on a horizontal surface. If a horizontal plane cuts both the sphere and
the cone, the cross-sections will both be circles, as shown. Let the radii of the
cross-sections of the cone and sphere at height 2 be r; and 7o respectively.

I 10 ]

(i) Show that r? = (5 — %)2 and 72 = 10h — h?.

. 71 b 1
lution: _ = = ==
Solution 0—h 10 2
10 r1 = 5—hfa,

h sor?=(5— h/2)2;

5
5 7‘22+(5—]I,)2— 25,
re2 = 25 — 25 + 10h — A2,
= 10h — h2.
[z

(i) Hence, or otherwise, find the height of the horizontal plane that gives the
greatest sum of the cross-sectional areas.

Solution: Area sum, A = 7112 + 7792,
= (5= )" + 100 — 1),

B )
= 7|25 —-56h+—+10h—h*),

42
=T 25+5h—%2,
= 2(100 + 20 — 3h?).

dA
i (20 — 6h),
= 0 when h = 4.
2A
aE = o
< 0.

.. The height is 10/3cm for maximum area.

[6]




