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General Instructions: Total Marks - 125
¢ Reading Time - 5 Minutes. e Attempt all Questions
e Working time - 2 Hours. e The mark value of each question is

shown on the right hand side.

e Write using black or blue pen.

e Board approved calculators maybe used. » Each Question is to be answered in a
NEW writing booklet, clearly labelled

e All necessary working should be shown in Question 1, Question 2 and so on.

every question if full marks are to be awarded.
e Ensure that the graph sheet for

Question 4 is inside the booklet for

e Marks may NOT be awarded for untidy or Question 4.

badly arranged work.

e Answer in simplest exact form unless
otherwise instructed.

Examiner: Mr E. Choy

Note: This is an assessment task only and does not necessarily reflect the content or format of
the Higher School Certificate.
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Question 1 (30 Marks) - Start a NEW writing booklet.

(a) Find an approximation to e® — 2e? (correct to 2 d.p.)
(b) Find x iflog, x = 4.

(c) For each of the following, write down the value of k:

. 1
(i) log, (x_2> = klog, x
. 1
(ii) log.3-— Eloge 4 =log, k

(iii) k= logll(loge e)

V3
(d) Solve sinx = > ,for 0 < x < 2m.

(e) Sketch the graph of y = cos2x,for0 <x < m.

(f) Given that m is a positive number find the smallest and the largest of the following
numbers

m

2

_m
-m >

e™m ,e

e ,e

a
1
(g) (i) Find f o dx,where a > 1.
1

a

1
(ii) Hence find the value of a Whenf o dx = 1.
1

(h) Theline y = mx is a tangent to the curve y = e?*. Find m.
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()

A curve y = f(x) is sketched. Six points on the graph are labelled: P, Q,R, S, T and U.

Points R and T are points of inflexion. Point Q is a relative minimum turning point
and Point S is a relative maximum turning point.

State at which of the points P, Q,R,S,T or U.
() f'(x)=0andf"(x)<0.
(i) f'(x) # 0and f"(x) = 0.
(iii) f'(x) <O0andf"(x) <O.

(iv) f'(x)=0andf"(x)=0.

d
G) 1f2=e>

1
Ix -1 and y =5whenx = > , find the exact value of y when x = 1.
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(k)

v

The graph of y = In x is sketched above and the shaded area is rotated about the
y — axis. Find the exact volume of the resulting solid.
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Question 2 (30 Marks) - Start a NEW writing booklet.

(a)

(b)

()

(d)

Differentiate:

(i) e—5x
(ii) 3 sinx+3x
(iii) In(3x-—1)

(iv) (x?2+3)*

Find:

(i) j 2545y

.. j x d
LV vl

2

(i) f (141) ax

I
Find the equation of the normal to the curve y = 2 cos 2x at the point (Z 0).

(i) Find d 1
ind — (xInx)

e
(ii) Hence findj Inx dx.
1
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(e) Show that

. 1 1 6

i — —

O x—3 x+3 x2-9

i) H " dJ’ dx

ii )
ence fin -9

(f) A certain parabola has focus (3,7) and directrix y = 1.

(i) Find the coordinates of the vertex.

(ii)  Write down the focal length.

(iii) Write the equation of the parabola in the form (x — h)? = 4a(y — k).

(8) y=x2—4x+4
y 1
(0,4) (4,4)
¥ 0 v
v y =4+ 4x — x?

The diagram shows the region bounded by two parabolas:

y =x? —4x + 4 and
y =4+ 4x — x2.

Calculate the area of this region.
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(h)

y=Inx

v

(i) Find an expression for the area of the rectangle OABC.

(ii) Calculate the area bounded by the curve y = In x, both axes and the line
y =In2.

(iii) Show that the area of the shaded region is equal to 2 In 2 — 1 square units.
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Question 3 (20 Marks) - Start a NEW writing booklet.

Marks
(@) (i) On the same set of axes, sketch the curves y = e* and y = e for the domain 1
—-2<x<2
(ii) Find the gradient of the tangents to the curves at the point (0, 1). Hence find 2
the angle between the tangents at this point.
() Jt
Ay
) 1 0 2 X
A,
The diagram above is the graph of the function y = x(x + 1)(x — 2)
(i) Find the area 4;. 1
(ii) Find the area A4,. 1
(iii) Evaluate the definite integral 1
2
f x(x+1)(x—2) dx
-1
(iv) Why is the answer to (iii) not equal to the sum A; + A, of the two areas? 1
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() (1) Sketch the curve y = In(x + 1) for -1 < x < 3.

(ii) The volume of the solid of revolution formed when the section of the curve
y =In(x + 1) from x = 0 to x = 2 is rotated around the x — axis is given by

V= nf [In(x + 1]? dx
0

Use Simpson’s rule with three function values to approximate this integral.
(Leave your answer correct to two decimal places).

(d) Consider the functiony = f(x) = vx (1 — x).

(i) Find the domain of the function.

(ii) Show that

dy 1-3x
dx 2\x

2

(iii) Hence or otherwise find &y
dx?

(iv)  Find the equation of the tangent at x = 0.

(v)  Show that the curve y = v/x (1 — x) has only one stationary point and
determine its nature.

(vi) Show that this curve has no point of inflexion.

(vii) Determine the concavity of the curve for x > 0.
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Question 4 (20 Marks) - Start a NEW writing booklet.
Marks

’bd“ E hcm

3cm

B C -
fj——"-—-2t cm ——

Figure (1)

ABC is a variable isosceles triangle with AB = AC such that the radius of its inscribed
circle is 3 cm. The height AD and the base BC of AABC are h cm and 2t cm
respectively, where h > 6 (see Figure (1)). Let p cm be the perimeter of AABC.

a) Show that 3
(a)

(b) Show that 3

(c) Find:
. . dp .
(i) The range of the values of h for which ah is positive. 3
(ii) The minimum value of p. 3

(d) (i) In Figure (2), on the separate sheet provided. Sketch the graph of p against h 2
forh > 6.

(ii) Hence write down the range of values of p for which two different isosceles 2
triangle whose inscribed circles are of radii 3 cm can have the same perimeter
p cm.
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(e) The diagram ABC shows a design of a Gothic Window. The length AB is 2 metres. AC
is a circular arc with centre B and radius AB. BC is also a circular arc with centre 4
and radius AB.

A circle with centre O and a radius r is constructed in the window so that it touches
the three sides of the window.

Not to Scale

|« 2m——

(i) Find the distance AO in terms of r.

(i) Showthatr =0.75m
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Question 5 (25 Marks) - Start a NEW writing booklet.

Marks
(a) A parachutist jumps out of an aircraft from a great height and sometime later opens
the parachute. The speed at any time t seconds from when the parachute opens is v
metres per second, where
v =8+ 227007t
(i) Find the speed of the parachutist when the parachute opens. 2
(i)  State the limiting speed that the parachutist would approach. 2
1
(iii) Find the value of ¢, to the nearest 1 th of a second, when the parachutist is 2
travelling at 20 m/s.
(iv) Find an expression for the acceleration t seconds after the parachute is 2
opened.
(v)  Explain what happens to the acceleration of the parachutist. 2
(b) Atankis emptied of water by a continuously opening valve so that t minutes after
the valve begins to open, the volume V litres of water in the tank is given by
V =a+ bt?
where a and b are constants.
Initially the tank contains 500 litres and it takes 5 minutes to empty it.
(i) Find the value of a and b. 2
(ii)  Find the rate at which the volume is changing after 2.5 minutes. 2
(iii) Find the rate at which the volume is changing when the tank is half empty (to 2

the nearest litre/minute).
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(c) The rate of decay of a radioactive material is such that when the mass is present is m,
dm

a - m

where k > 0 is a constant.

(i) Verify the function M = Mye™** (M, constant) satisfies this equation.

(i)  If the half - life of the radioactive material is T, prove that

(iii) A substance contains two types of radioactive material A and B with a half -
life T; (for A) and T, (for B) respectively (T; > T5,).

Initially the mass of B is twice that of A.

Prove that the substance will contain an equal mass of A and B after time
t seconds where

I\ T,
t= seconds.
T, - T,
End of Paper
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2014 Accelerated Mathematics Trial HSC:
Solutions— Question 3

3. (a) (i) Onthe same set of axes, sketch the curves y = e” and y = e~* for the domain

—2< <2

Solution:

—2

)

(ii) Find the gradients of the tangents to the curves at the point (0,1). Hence
find the angle between the tangents at this point.

Solution: y = e y=e"
yl — ex’ yl — _e—x’

= 1at (0,1). = —1at (0,1).

Now —1 x 1 = —1, so the tangents are orthogonal.
Y
Ay
X
] 0] 2
Ao

The diagram above is the graph of the function y = x(z + 1)(z — 2).
(i) Find the area A;.

0
Solution: Area Alz/

(x?’ — % - Qx) dx,




(i)

(iii)

(iv)

Find the area A,.

2
Solution: Area Ay = (:C3—:c2—2:c) dx|,
0
0
[ e
4 3 e
=|(4-%8-4)-0],
_ 8
=3

Evaluate the definite integral

/2 2@+ 1)(z — 2) d.

1

Solution: Method 12—

5 8
From (i) and (ii), / (2° —2® = 2z)do = — — -,
1 129 3
Solution: Method 2—
2 l‘4 I‘B 2
/ (x3—x2—2x)dx: [————xz] ,
! ! 8 ’ it
= (@A-3-49)-(G+3-1)
_ 9
= -7

Why is the answer to (iii) not equal to the sum A; + A, of the two areas?

Solution: When integrating, area below the z-axis counts as negative*
so in part (ii) we had to take the absolute value to get the real area,
whereas in part (iii) it remained negative.

*From the definition of integration as a sum of infinitesimally
wide rectangles, f(z) x h, if f(z) < 0 then the resultant bit
of integral will be negative.




(¢) (i) Sketch the curve y = In(z + 1) for —1 <z < 3.

Solution: . Y

1n3 ............................. :

|
|
|
|
|
|
|
|
|
! :
-1 @) 2 3
|
|
|
|
|
|
|
|
|
|

(ii) The volume of the solid of revolution formed when the section of the curve
y =In(x+1) from x = 0 to x = 2 is rotated around the x-axis is given by

V= 7T/2 [In(z + I)Fdx.

Use Simpson’s rule with three function values to approximate this integral.
(Leave your answer correct to two decimal places.)

2
Solution: 77/ [In(z + 1)}2 dr ~ g[OQ +4(In2)% + (In3)?],
0
~ 3.28 (to 2 dec. pl.)

(d) Consider the function y = f(x) = y/z(1 — x).
(i) Find the domain of the function.

Solution: x > 0.

(ii) Show that

d
Solution: —(:c%(l —xz)) = 1x 72 x (1—x) — a2,
dz
-z —-2
203
13
PN




(i)

(v) Show that the curve y = /z(1 — z) has only one stationary point and

(vii)

. d?y
Hence or otherwise find —=

dx?’
2 2/z(=3) — (1 — 32):2=
Solution: ﬁ = val=3) - )2\/5’
da? 4x
B —6x — 1+ 3z
B do/x

—3z—1

dav/x

Find the equation of the tangent at x = 0.

Solution: As the curve is discontinuous when x = 0,
there is no tangent at that point.
Acceptable solution: When z =0, y = 0 and ¢ is undefined.
.. Tangent is z = 0.

determine its nature.

d
Solution: 4 _ 0 when x = %,
dx
d*y -3 x5—1
and — = ———— =~ —2.508 by calculator.
d* g lx /1

1 23
37 9 |

.. There is a maximum at <

Show that this curve has no point of inflexion.

d2
Solution: If &Y — 0, =3z—1=0,

d.TQ T = 1

= -1

But z > 0 from part (i), so there can be no inflexion.

Determine the concavity of the curve for x > 0.

2
Solution: If concave downwards, d—‘g < 0.
x
-3z —1
Wh >0,-1—-3zx<0and4 > 0; so —=— < 0.
en x , T and 4z+/x > 0; so T

Hence the curve is concave downwards for all z > 0.
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Question 4

(d) () Figure (2)
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Question 5
(a) v=8+422e""

(1) Whent=0
v=_8+22¢"
=30 m/s

(i) Ast—owso0e’” =0.
Thus limiting speed is 8 m/s.

(iii) 20=8+22¢"""
12 — 226—0.O7t
6 -0.07¢
H =e
Taking natural logs:
—0.07t=In&
_ g
-0.07
=~ 8.7 sec

(iv)  Acceleration

Yoy 22(-0.07)e "
dt
a=-154¢"""

(V) Ast—owso e’ =0.
Thus a —>0.

That is, acceleration approaches zero.
(b) Volume in tank V =a+bt’ .

(i) When r=0, V=500
500=a+0
=V =500+bt?

When t=5, V=0
0=500+b(5)

25b=-500
b=-20

-V =500-20¢"



av
dt
After 2.5 minutes:
d_V =—40x2%
dt

=—100 L/min?

(i) = 40t

(iii) When V=250 L
250 = 500 — 207>

-250 =-20¢*
t* =121
t =3.535
4V _ _40(3.535)
dt
=—141 L/min
© My
dt
@) M=M ™"
am =—kM e
dt
=—kM

Thus M = M e " satisfies the DE.

(i)  Athalf-life, M =1 M,
SAM =M™

Taking natural logs:
—kt =Ini

(i) M, e =2M,,e"
Taking Natural logs:
—k,t =In2+(—k,t)
t(k,—k,)=1In2
In2
Cky—k,
_ In2
In2 1In2

L, T




=—12_ asrequired.
Tl - T2



