BAULKHAM HILLS

2016 Preliminary
Assessment Task 3

Mathematics Extension |

General Instructions

* Reading time — 5 minutes

* Working time — 2 hour

* Write using black or blue pen

» Board-approved calculators may be
used

* In Questions 11 — 14, show
relevant mathematical reasoning
and/or calculations

Total marks — 70

Pages 2 - 4

10 marks
* Attempt Questions 1 — 10
¢ Allow about 15 minutes for this section

Pages 5 — 12

60 marks
* Attempt Questions 11 — 14

¢ Allow about 1 hours and 45 minutes for this
section



Section |

10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple-choice answer page in the wribogklet for Questions 1 — 10.
1 A parabola has parametric equations -3t and y = 6t, what are the coordinates

of its focus?

(A) (0,3 (B) (0,-3) ©) (3,0 (D) (-3.0)

2 How many arrangements of all of the letters ofwloed TRIGONOMETRY are

possible?
(A) 59 875 200 (B)119 750 400
(C) 239 500 800 (D479 001 600

3 Whatis the exact value 8an(6-180°), if cosd = —% and tang > 07

7 J7 o) -3 o) 3
(A)? (B)? ()ﬁ ()ﬁ

4  What is the size of the acute angle between tlesx—y =0 andx+y =0,
correct to the nearest degree?

(A) 18° (B) 19° (C) 71° (D) 72°



4

If t= tang, which of the following trigonometric ratios isu@galent to 57

(A) sing (B) tan@ (C) cosed (D) cotd

If x=2at andy = 3at?, which of the following is an expression f%\é?
X

(A) t (B) 2t (C) 3t (D) 6t

Given thatn! = n(n-1)(n-2)x---x3x 2x 1, which of the following expressions is

3
. +
equivalent to 1 + 1 L,

(n-2)! (n+1)1
(A) ”_+|1 (B) n®+1 © n’>+2n+1 D) n®+n?+1
n! n! n! n!

Given x=+/2cos @ and y = 3sin’d, which of the following equations is correct?
_3 Y2 _3 _u2
(A y=2(1-%) (B) y=7(2-x)

© y=,(1-x) ©) y=-(2-x)



9 P(Zap,apz) andQ(Zaq,an) are points on the parabol@ = 4ay . PQ is a focal
chord of this parabola.

T is another point such thBT andQT are parallel to thg-axis andx-axis
respectively, as shown below.

O

Which of the following equations best represenésiticus ofT?
(A) xy =4a* (B) xy=4a°

(C) x?y=4a* (D) x’y=4a®

10 A, B, CandD are points on a circle with cent@e AD is parallel taBC as shown. It
is given thattIADO =40° and IBCO =70°.

What are the values afandy?

(A) x=80andy=15 (B) x=80andy=35

(C) x=110andy=15 (D) x=110andy =35



Section Il

60 marks

Attempt Questions 11 — 14

Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate sectichefvriting booklet. Extra writing paper is
available.

In Questions 11 — 14, your responses should indleléeant mathematical reasoning and/or
calculations.

Question 11(15 marks) Use the Question 11 section of thevgibooklet.

(@) A(-3,6) andB(1,2) are two points. Find the coordinates of the pétfik, y) 2
which divides the intervadB externally in the rati: 1.

(b)
(i) Expressy/3sind+ cod in the form Asin(6+a), where A>0 and 2
0°<a<9Cr.
(i) Hence, or otherwise, solvé3sing+ cod = :for 0°< 9<360. 2

(c¢) Thelinesy =mx andy =2mx, wherem> 0, are inclined to each other at an angle

@ such thattané = %
(i) Show that2m? —3m+ 1= 0. 2

(i) Hence find the possible valuesrof 1

Question 11 continues over the page



2x-1

(d) Solve > X. 3

(e) In the following diagram, Y andZ are concyclic points. The tangenZameetsXY
produced aTf.

() Given thatTZ=24cm, XY =14cm and TY =x cm, find the value ok. 2

(i) Calculate the length ofZ, given thatyZ is the diameter of the circle passing 1
throughT, Y andZ.

End of Question 11



Question 12(15 marks) Use the Question 12 section of theingribooklet.
(a) The diagram below shows a variable det(tZap,apz) on parabolax? = 4ay .
The normal to the parabolaRintersects thg-axis atQ. R is a point on the normal such

thatQ is the midpoint oPR.

z? = day

P(2ap ,apQ)

(i) Show that the equation of the normaPdtas equatiorx + py—2ap-ap® =0. 2

(i) Find the coordinates @). 1

(i)  Show that the locus of the poiRtis another parabola. Find the equation of 2
this parabola in Cartesian form.

(iv) Hence state the coordinates of the vertex of theluda defined by the locus 1
of the pointR.

(b) Sketch the region on the number plane where thewoig inequalities hold 3
simultaneously, showing any points of intersection:

Question 12 continues over the page



(c) Inthe diagram belowAC andBD are tangents to both circlgg andC,. AC andBD
produced, meet at P andQ are points on the circumference of the cirdgsand C,
respectively.

P Y/

D

B

Copy or trace the diagram into your answer booklet.

(i) Show thatAC =BD.

(i) Hence show thaAB //CD .

(iii)  Prove thatOJAPB + 0CQD =180 .

(iv) Explain why ACDB is a cyclic quadrilateral.

End of Question 12



Question 13(15 marks) Use the Question 13 section of theingribooklet.

(&) A man standing at poi can see two vertical toweBD andCE. A, B andC are on
level ground, wittB due north ofA, andC on a bearing o from A. The height of
towerBD is h metres, while toweCE is twice as tall.

The angle of elevation frow to the top of each tower i8. The angle of elevation to
the top of toweCE from the top of toweBD is a as shown.

B
el
~\.~ East
(i) Show thatAC = 2hcotf. 1
(i) Find similar expressions féB andBC. 1
(i) Hence, or otherwise, show thebsd = 5cot '3_2 cota :
4eca” g

Question 13 continues over the page



(b) Timothy, Kate and six other people go through ard@g one at a time.

() In how many ways can the eight people go througtdtiorway if there are
no restrictions?

(i) In how many ways can the eight people go throughdtiorway if Timothy
goes through the doorway after Kate with no onleetween?

(i)  Find the number of ways in which the eight peogle go through the
doorway if Timothy goes through the doorway afteté

(c) Ten people want to dine at a local restaurant.
() In how many ways can they all sit on around a tarctable?

(i)  When they arrived at the restaurant however, tte sating available
for them is at two circular tables, one that seatpeople, and another that
seats four. How many different seating arrangemamsow possible?

(iif)  Given this two-table seating arrangement, JackJdhuhsists on sitting on
the same table, in how many different ways canlibisone?

(d) A cubic function whose equation i5(x) = -2x° + px* —gx+5, wherep andq are
constants, has at most 2 stationary points.

(i) Show thatif f (x) is to have any stationary points, thph—6q = 0.

(i) Describe what happens to the stationary points wifen6q = 0.

End of Question 13

—-10-



Question 14(15 marks) Use the Question 14 section of theingribooklet.

(a) Prove that{cos3p— cog)cosp+( sin@+ B ¢)sing= 0 2

(b) The city council of Gausstown has decided to baikkateboard ramp for its teenagers.
The structure consists of two levetsandK, and the ramp itself as shown in the
diagram. Gausstown engineers believe that if thgoras a gradient greater than 3 at
any point, the ramp will be too dangerous to us#oB is a cross-section of the
proposed ramp.

Y
|
| C' Lovel K
|- - - - 5m --------- > ‘
ALevel H A Ramp 6 o
5 5 |
* * » L
O
Taking thex-axis as ground level, the ramBC can be modelled by the following
equation:
_8 ., 31 .
y=—x"—-—x+3, 0<x<5 (Do NOT prove this.)
15 15
(i) If point B is the lowest point along the ramp, how far o#f ground is 1
pointB?

(i) Justify with calculations as to why this proposedign is not safe foruse. 3

(i) The engineers plan to move pofhtloser to poinB along the ramp until it 2
becomes safe to use. What is the minimum amount.éweel K must be
lowered for this to happen?

Question 14 continues over the page

- 11—



(c) Anisosceles trianglABC, where AB = BC, is inscribed in a circle of radius 10 cm
and centré. It is given thatOP = x cm and AC LJOP.

B

A\i/(]
(i) Show that the ares, of AABC, is given byA=(10+x)v100-x* .

_ _ 2
(i) Show that®h = 10-10x= 2"

dx \100- X2

(i) Hence prove that the triangle with maximum aresqgigilateral.

End of Paper

- 12 —



BAULKHAM HILLS

Section |

Multiple-choice Answer Key

YEAR 11 ASSESSMENT TASK 3 2016
MATHEMATICS EXTENSION 1
MARKING GUIDELINES

Question Answer Question Answer
1 D 6 C
2 A 7 B
3 B 8 D
4 D 9 D
5 C 10 D
Questions 1 — 10
Sample solution
1. _ %2
x=-3 y? = -12x
y =6t
O Vertex=(-3,0
2. 12
Number of arrangementsﬁ
=59 875 200
3 cosf = 3 and tard> 0
4 -3
O @ is in the third quadrant. “gr
-7
tan(6-18C°) = tar(6+ 180) ( adding a revdian) 4
=tand
N7
3
4. 2x-y=0 x+y=0
y =2X y=-X
2-(-1
tané = #
1+ 2x(-]
tand = 3
f=tan'3
6=72 (neaest degrep
Sl 1t (1) (1447)
2-2° (1)
=_i (if t =tangj
sind 2
=cosed




— - 2
x=2al y=3at dy_dy

(n-9! (n+1)! n! (n+1)!
_n n’-n+l
“nl n!
_n’+1
- n!
x=+/2cos B cos ¥ =1-2sirt 8
X% =2cos® X_Zzl_ﬂ
X2 - 2 3
7—cos ﬂzl_x_z
3 2
2
y=3sin’ 8 yzé[z‘x ]
2 2
Y —sin?6 3
o)
T:(Zap,aqz) y =ag?
2
:ax(‘_]
pg =-1 (PQ is a focal chat) p
-1 a
q=— v
p p
_a
- 2
X = 2ap (xj
X _ 2a
2t s
X2
X2y =4a®

Construct a ray frord, parallel toAD andBC, as shown in the left hand diagram.
Using alternate angles and a summation110

Construct DC as shown in the right hand diagranmdJisosceles triangles, angles are as shown, then:
35°+70°+ 40 + y° =180 (opposite angles of a cyclic quadrilateral smpplemen'ary)
y=35




Section I
Question 11

Sample solution

Suggested marking criteria

(@ | A(-3,6) B(1,2 « 2 — correct solution
y 1 — uses the division of an
3.1 interval formula, with
' substitution
b 3x1+(-1)x(-3) 3x2+(-1)x6
3+(-)  ° 3+(-)
=(3,0
(b) | (@) J3sind+ co¥= A sifg+a) » 2 — correct solution
= Asin@cosr + A cof sior * 1 — correct value oA or a
— attempts to use the
_ auxiliary angle method, or
Acosa =3  Asimr=1 A equivalent merit
1
cosa :@ sing =1
A A
NG
2
A2:12+(\/§) tng =—
B NE;
=4 a=30° (0 <a<90)
A=2 (A>0)
0+/3sing+ co@ = 2sifg+ 39
(i) /3sin@+co¥=1, 0<O< 360 » 2 — correct solution
25in(9+ 30) =1, 30<6+ 30< 390 « 1 — attempts to evaluat® in
1 the correct domain
sin(6 + 30) =5 — obtains a subset of the
6+30°= 30 150 399 correct answers
6=0°,120, 360
( | - « 2 — correct solution, justifying
tané = H the removal of the absolutg
mm, value signs
: = o e 1- establisheé =M
3 |1+ 2mxm 1+ o7
1_|m
3 |1+2m?
1 (Sincem> Oandt @ > 0)
3 1+2n7?
1+ 2m? =3m
2m*-3m+1=0
(i) o’ -3m+1= 0 » 1 — correct solution

2m’ -2m-m+1=0
2m(m-1)-(m-1)=0
(m-1)(2m-1)=0

Om=1 or mZE
2




Question 11 (continued)

Sample solution

Suggested marking criteria

(d) 2x-1
X
x(2x-1) = x°

2x2 - x= X3

> X YA

0= x3-2x%+x 0
x(x2 —2x+1)50

x(x—l)2 <0

X<0 or x=1

3 — correct solution

2 — obtains Xx<0 or x=1"as
the solution, or equivalent
merit

— recognises thax =0 is not
part of the solution (eg.
stating “x< 0" only as the
solution)

1 — obtainsx<0

— attempts to solve the
inequality using a valid
method

e | 2
TYXTX =TZ ) i
of the intercepts of secants from a fgoin
x(x+14) = 24
x* +14x-576= 0
(x+32)(x-18 =0
x=18 (x> 0)

the square of the tangent is equal mmhoducj

2 — correct solution

1 — forms an appropriate
guadratic equation

(i)  If YZis the diameter of the circle passing throlglf andZ, then
OYTZ =90° (angle in a semicirc)e

By Pythagoras’ Theorem:
YZ? =TY?+T2?
YZ? =18 + 24

YZ =30 (YZ > 0)

1 — correct solution




Question 12

Sample solution

Suggested marking criteria

a i 2 _ At P, « 2 _ i
@ |()  x2=say y-ap? = —l(x—Zap) 2 c-orrect soluthn
2 dy _ 2ap p + 1 — finds the gradient of the
1 =y dx ) 2a py - ap® = —x+ 2ap normal atP
X _d P x+ py-2ap-ap’=0
2a dx
Omy = 1
p
(i) Let x=0: « 1 — correct solution
x+ py-2ap-ap’ =0
py-2ap-ap® =0
py = 2ap +ap’
y=2a+ap’
0Q=(0,2a+ap?)
(i) Let R=(x,y) y+ap® _ 2+ o « 2 — correct solution
2 2 « 1 — establishes the equation
2\ _[ X+t2ap y+ap Lo
Q(O,2a+ ap ) = {T Tj y+ap? = 4a+ 2ap? — eliminating the parameter
y = 4a+ap’
2
X+2ap _ =4a+a(_iJ
=0 Y 2a
— 2
x+2ap=0 _ 4a+x—
X =—2ap 4a
2
X X
-—= -4da=—
2a P y 4a
x> =4da(y-4a)
(iv) 2 = 4a(y-4a) « 1 — correct solution
Vertex =(0, 4a)
(b) | Points of intersection: Y » 3 — correct region, must

exclude the origin and the
y-axis

* 2 — recognises that the region fis
the intersection of a region
of the hyperbolic function
and a region of the absolute
value function, or
equivalent merit, showing
correct scale.

1 — correctly sketches the
. 3
region ofy<—
x|

— correctly sketches the

region of y = m
3

X
— sketches the lineg = |—3|

andy=i

x|




Question 12 (continued)

Sample solution

Suggested marking criteria

(©

(i)

TA=TB (tangents from an external pointde aqﬁua)

TC=TD (tangents from an external pointdg aq:ua)

* 1 — correct solution

AC =TA-TC
=TB-TD
=BD
(i) AC =BD (from (i)) e 2 — correct solution
TC =TD (tangents from an external pointdp  atpia) * 1 - significant progress towarg
showingAB//CD
AC_TC ()
BD TD
O AB //CD (ratio of intercepts are eqy
(iii) angle between tangent and chord at th « 2 — correct solution
OAPB = [OCAB | point of contact is equal to the angtetze e 1- identifying a pair of equal
circumference in the alternate segment angles using the alternate
segment theorem
angle between tangent and chord at th
OCQD =OACD | point of contact is equal to the angtelze
circumference in the alternate segment
OCAB+OACD =180° ( co-interior angles are supplement&®, CD)
OAPB+0CQD =180C
(iv)  OCAB=0TCD (corresponding angles are eque, CDY) * 1 — correct solution

OCAB = ODBA (base angles of isosceld3AB  are edlakTB)
OTCD =0DBA

ACDB is a cyclic quadrilateral (exterior angle is eqtaathe interior
opposite angle)




Question 13

Sample solution

Suggested marking criteria

=40320

@ | @) In AAEC: « 1 — correct solution
EC
tanf=—
p AC
2h
tanf=—
p AC
2h
tang
=2hcotfg
(i) In AADB : In ADFE, * 1 — correct expressions 68
andBC
tang = b8 tang = EF
AB DF
tang = A tana = LS
AB DF
AB=_" DE=_N_
tang tana
=hcotf = hcota
BC = DF =hcota
(i) In AABC, e 2 — correct solution
AB2 + AC2-BC? * 1 — uses the cosine rule,
cosd = 2% ABX AC showing appropriate
) ) ) substitutions
_(hcotB)” +(2hcotB)” - (h ota)
2xhcotBx zhcotf
W cot? B+4pf co - W cola
44 cof? B
_5cof B-cofa
400t B
(b) | (i) Number of wgs= 8! « 1 — correct solution

(i)  Treating Kate and Timothy as one entity (in thateo):
Number of wgs=7!
=5040

¢ 1 — correct solution

(i) Either Timothy will go through the door after Katr,the other way

around, therefore:

Number of ways %x 4020
=20160

* 1 — correct solution




Question 13 (continued)

Sample solution

Suggested marking criteria

n

() | (@) Number of wag= 9 ! « 1 — correct solution
=362880
(i) Number of ways °Cyx 54 ¢ » 2 — correct solution
=151200 * 1 — uses a combination to sele
people to sit around a table
() Number of ways:(°C, x 5% Ju+(°C,x 3x g * 2 - correct solution
= 70560 « 1 — correct evaluates the
number of ways one of the
two tables can be filled if
Jack and Jill sits on that
table
(d) | @) f(x)=-2x%+ px® —gx+5 « 2 — correct solution
f'(x) = —6x% + 2px—q « 1 — obtains the equation
—6x?+2px-q=0
. . ey L — significant progress toward
Stationary points exist iff (x) =0 has solutions: a correct solution by using
f'(x)=0 the discriminant
-6x*+2px—-q=0
Az0
(2p)” - 4x(-6)x(-a)2 0
4p*-24q=0
p?-6q=0
(i) Stationary points exist ip? —6q = 0. There will be exactly two stationary| * 1 — correct description

points if p? -6q > 0. When p? -6q = 0, the two stationary points will

coincide and become a horizontal point of inflexion




Question 14

Sample solution

Suggested marking criteria

(@ [ ()  LHS=(cos3-cosp)cosp+( sin+ sip) sip
=CcosP cop— cdsp+ SinB st Sip
= cog( 30—(0)—(00%(0— siﬁ¢)

=COSd— COS@

e 2 — correct solution

¢ 1 — recognises the cosine of a
difference

— recognises the cosine of a
double angle

By the geometry of the parabola, the gradientrigdst at poinC:
dy 16>< 31

dx 15 15
_49

15

not safe for use.

The gradient here is greater than 3, therefor@tbposed ramp design is

=0
=RHS
(b) | () At the vertex: 8 (31 31 31 e 1 — correct solution
y=—Xx|— —-——x—+3
=_b 15 \16) 15 16
- _ 479
__(-® 480
2x3
31
=— PointB is 479 metres off the ground.
16 480
(ii) 8 , 31 3 — correct solution
:l—SX _T5X+3 dy
dy_16_ 31 «2-— uses& in an attempt to
dx 15 15 justify why the ramp is not

safe for use

« 1 — correct expression fejrz

X

dy _4 8 (19)° 31 19
dx y=—Xx|— ——x—+3
15 4 15 4
1_6x—EL:3 _51_3
15 15 60
16x—31= 45
16x=76
19
X==
4

Therefore, LeveK must be lowered by a minimum eg'% metres.

(i)  For the ramp to be safe for use, the gradiefit@n at most equal to 3:

e 2 — correct solution

« 1 — correctly solvesg—y =3
X




Question 14 (continued)

Sample solution

Suggested marking criteria

() | O
AO? = OP? + AP?
10% = x* + AP?
100-x* = AP?
100-x* = AP (AP >0)

By Pythagoras’ Theorem iAAOP :

A:EXACXBP
2
_1 2
=5 X2V100-x x( 10+ x)

=(10+x)+/100- x*

e 2 — correct solution
e 1 — correct expression féP

(i) ga

dx

_ Jioo—¢ - X00*X)
\100- X2

_100- x* —-10x — x?

\100- X2

100~ 2 + 1(10(% xz)_% x (-
2

2)x( 16-x)

e 2 — correct solution

e 1 — attempts to use the produg
rule to find an expression

for —
dx

_100-10x— 2¢
100- x?
(i)  Areais a maximum when:
L
dx
100- 1k — X° 0
100- x?
100- 1x—- 2% = C
50-5x-x*= 0
(5-x)(x+10)=0
Ox=5 (x>0)

In AAOP, whenXx=5:
AP? +57 =107
AP? =100- 25
AP =475 (AP > 0)
AP =53

AC =2x AP

=10/3

In AABP , whenx=5:
AB? = (543) +18°
AB? =75+ 25
AB =+/300 (AP >0)
AB=10/3

AB =BC = AC =103

Therefore, when the area is a
maximum, AABC is equilateral.

* 3 — correct solution

« 2 — significant progress toward
showing the equilateral
triangle

— showing the area is a
maximum atx =5

e 1 — correctly evaluatesat
which the area is a
minimum

—
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