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QUESTION 1 (12 Marks)

(a) Solve

5 . .
3 <7 and graph the solution on a number line

(b) Find the acute angle between the lines 3x +2y -7 =0 and y =4x -5 to the nearest
degree

(c) Find the coordinates of the point that divides the interval A(2, 6) and B(9, 3) externally
in the ratio 5:2

1 1 1
d) (1) Show that + = —
@O at+ab b +ab ab

.. 1. e .
(i1) Hence express 7 in the form 1 + %where a and b are positive integers
a

END OF QUESTION 1

QUESTION 2 (Start a New Page) (12 Marks)

(a) Calculate the remainder when P(x) = x* +2 is divided by x -1
(b) The polynomial P(x)= x> +ax+12 has a factor (x + 3). Find the value of a.

(c) Find the quotient Q(x) and the remainder, R(x), when the polynomial P(x)=x* —-x?+1
is divided by x* +1

(d) The point P(3, 7) lies on the graph of the odd polynomial function y = P(x).
Find, with reasons,

(i) the remainder when P(x) is divided by (x — 3)
(ii) the remainder when P(x) is divided by (x +3)

(e) Solve x> —4x? —x+4=0

(D If @, B and y are roots of the cubic equation 5x° +7x* —3x—4 = 0, find the value of

a’+ 2 +y?

END OF QUESTION 2




~ QUESTION 3 (Start a New Page) (12 Marks)

ABCD is a quadrilateral inscribed in a circle with centre O. Reflex £ BOD = 240°.
Find, giving reasons

(a) E

[os]

(i) the size of £BAD
(ii) the size of £BCD
(iii) the size of £FBD

(b) |
A F
B
C
D

In the diagram (not to scale), AC = BD and AC // BD. Prove DF = DB 4
©
2
In the diagram (not to scale), AB=41cm,
AC=9cmand BC=40cm
Prove AB is the diameter of the circle drawn -
A \J

END OF QUESTION 3
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QUESTION 4 (Start a New Page) (12 Marks)

(a) By using an expression for tan(a + f5) , find the exact value of tan 105°

(b) Prove that _sin26 = tan &
1+ cos28

(c) Solve the equation V3sin@—cos@=1for 0<O<2x
(d) A ship, S, is sailin'g on a straight course for an oil rig, R, on a bearing of 050°. At the
same time, a lighthouse, L, is sighted in a direction of 012°. The charts indicate that

the bearing from the rig to the lighthouse is 340°, and a distance of 18 km from it.

(i) Draw a diagram showing the above information
(ii) Find the distance from the ship to the oil rig correct to the nearest metre
END OF QUESTION 4

QUESTION 5 (Start a New Page) (12 Marks)

sin 26 _cos 20 ]
sin@ cosé

(a) Show ecd

(b) Sketch f(x) = |x-2-1|

(¢) Using First Principles, find the derivative of
f(x)=4x*+5

(d) For the curve y = x*(x* =1),

(1) Find the derivative %

(ii) Hence or otherwise, find the equation of the normal at the point (1, 0)

(&) The straight line joining the centre O, of a circle to an external point T, cuts the
circumference of the circle at Z. TZ = 32 cm and the tangent to the circle from
T 15 40 cm Jong.

(i) Draw a diagram to represent this information
(i1) Calculate the radius of the circle giving reasons for your answer

END OF QUESTION 5
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_.QUESTION 6 (Start a New Page) (12 Marks)
(a) Solve for x: |x* 5| < 5x+9

(b) The equationx’ + px* + gx+ pg = 0, where p =0 and g # Ohas 3 real rootsar, 8 and y.

(i) By considering the relationships between the roots and the coefficients of the equation,

show that (o + ﬂ+y)[i+—1~+ij=l
a By

(i) Show that —p is a root of the equation. Hence show that <.

(c) The quadratic equation x* —x+ & = 0, where % is a real number has 2 distinct, positive real roots.

@)  Show that 0<% < -31
(if)  Letthetwo roots be o and 8. Show that @® + A? =1-2k and deduce that

1 2, p2
—<a’+ <]
7 Jif

END OF EXAMINATION
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PRELIMINARY EXTENSION 1 YEARLY SOLUTIONS 2007

QUESTION 1 (12 Marks)

(a) Solve % < 7 and graph the solution on a number line
x-

Note: x=3
For x<3 Forx>3
5>7x-21 5<7x-21
26> 7x 26<7x
26 26
—>x —<x
7 7
26 26
x <= x> =
7 7
Testing points
x> 3 L<7 x> 26 L>7
x-3 7 x=-3
+
x=> 3" = >7 x—)g- 3 <7
x-3 7 x-3
~Lx<3andx> 2
7 < 1 (T .
il Ll AN WA | 1 Ll
2 3 2 4 5
7
(b) Find the acute angle between the lines 3x+2y -7 =0 and y = 4x -5 to the ncarest 3
degree
Ix+2y-7=0 y=4x-5
Gradient = _73 Gradient=4
tang = L
+mlm,_
__3_4
tand = 2 3
1+—=x4
2
tan9=£
10
8 =41.793°

g =48°

(c) Find the coordinates of the point that divides the interval A(2, 6) and B(9, 3) externaily

in the ratio 5:2

The point (X,Y) which divides the interval in the ratic ry.rz is given by

(X Y)= rlx1+r2xl rly2+r2yl
’ r+r, | on+n

(X, = 5x9+—2x2’5x3+-—2x6 Hete r, =5 and r, = -2 (externally)
5+-2 5+-2
(r.N =3
1 1

d) (i) Show that =
(@) (7) Show a+ab B +ab ab

LHS=1—1—+2—1“

a*+ab b +ab
go 1y 1

ala+b) bla+h)

Las=a+8)_
abla+h)

LH, =-l—
ab

- LHS = RHS

(ii) Hence express %in the form -1-+%whcrc a and b are positive integers
a

Choose factors of 7> 1 and 7 as « and & (from above) and write in reverse
1 1 1

— e ———— ——
Ix7 1P+lx7 7% +1x7

1
o anm
56

g | =—

END OF QUESTION 1

QUESTION 2 (Start a New Page) (12 Marks)

(a) Calculate the remainder when P(x) = x* +2 is divided by x~ 1

R)=1"+2
R()=3




(b) The polynomial P(x)=x’ +ax+12 has a factor (x + 3). Find the value of a. 2 (DIf &, B and y are roots of the cubic equation 5x° +7x* —3x—4 =0, find the value of

R(-3)=(-3)" + a(-3)+12 @t oyt
0=-27-3a+12 : o ~
0 —3a—15 As (x+3)is a factor, the remainder is 0 (i.e. R(-3) = 0) @t e B4yt = (@4 B+y) —af—ay—Ba - Py —rya—-1p
as-5 e+ +yt=(a+f+y) ~2ef +ay+Br)
-5y’ ¢
(c) Find the quotient Q(x) and the remainder, R(x), when the polynomial P(x) =x* -~ x* +1 3 a’+pt vyt =[T] —2(;')
is divided by x* +1 2
2 1 2 —7 _3
at+frryt=|—| 2| —
=2 . 1_, 5 5
2% +0x+1)x" 402 - % + 0x+1 Q) =%~ a1 (49) 6
R(x}=3 a‘+Pi+y =<+
x40+ 27 25) 5
—2x1+0x+1 a2+ﬂ2+72=z_§
—2x* +0x-2
3

END OF QUESTION 2
(d) The point P(3, 7) lies on the graph of the odd polynomial function y = P(x).

Find, with reasons,
QUESTION 3 (Start a New Page) (12 Marks)

i) the remainder when P(x) is divided by (x-3 1
® ® y(x-3) @ E R
From the point (3,7) above, when x=3, y =7, therefore, R(3)=7
(ii) the remainder when P{x) is divided by (x+3) 1
As the polynomial is odd, P(x) =-P(-x), therefore, R(-3)=-7 B
(e) Solve x* —dx? —x+4=10 2
D
Firstly testing factors of 4 > /
F C

P =1 -4 144 > (x—1)is a factor and x = 1 is a solution ABCD is a quadrilateral inscribed in a circle with centre O. Reflex £ BOD = 240",

P)=0 Find, giving reasons
Pi-1 Iy — 401} D+4 (i) the size of £ BAD
PEdli B gﬂ Y oA D, {x+1)is a factor x =-1 is a solution

ZB0OD =120° (£ s at a point given reflex £ BOD=240°)

ZBAD = 60° ( £ at centre = twice £ at circumference on same arc)
P(4) =4 ~4(4)* - . .
P§4; o AT —drd {x—4)is a factor x=4 is a solution (ii} the size of ZBCD

, , £ BCD = 120° (given £ BOD =24{"°, £ at centre = twice £ at circumference on same arc)
SxDE-Dx—4)y=x" —4x* ~x+4
OR (iii) the size of ZFBD
~x=-1L4 £FBD = 2/ BAD (£ between tangent and chord = £ in alternate segment)
- £FBD = 60° { £ BAD = 60° from above)




(b) QUESTION 4 (Start a New Page) (12 Marks)

A F
(a) By using an expression for tan{e + ), find the exact value of tan 105"
B
In the diagram {not to scale), {an105" = tan(60° +457)
AC=BD and AC // BD, Prove DF =DB tan105* = LAN 60" +tan 45
1-tan 60° tan 45"
4
tan105° = V3+1 x 1+43
1-43 1443
tan105° = 3414243
C 1-3
D tan105" = 4+2;,§
an105" = —2-+3

ABCD is a /fogram (given 1 pair opp sides = and //}

. ZACD =/ ABD {opp £ s /logram ABCD=)

ACDF is a cyclic quad {quad with all vertices on the circumference of same circle)
ZBFD = £ ACD (ext £ cyc. quad, = Zin alt seg.)

= ZBFD= /DBF (both= £ ACD)

.. ADBF is isosc. (base £’s=) sin 28
. DF =DB (=sides opp = £ ’s of isosc ADBF) (b} Prove that === = tan.0
© Using the # Method Using Sum/Diff of Angles Method
c
2 Let tan@ = ¢then tan26=%-,
In the diagram (not to scale), AB =41 cm, sin28 = -2 and cos28 = 1- ':
AC=9cmand BC=40cm 1+1% f
Prove AB is the diameter of the circle drawn
A B . i sin26 _ 2sinfcosf
_sin20__ _left l+cos20 1+2cos*f-1
I+cos28 | 1-¢ sin2¢  2sin@cosd
2 =
L+¢ 1+cos28  2cos’@
. 2 sin2 _ sind
sin26 __ 1+r? 1+cos26 cosd
1+cos26 ]+z‘z+1—l2 sin 20
T _oan? S ae—— = tan g
4B —al? AC? + BC? = 40* +9* 1422 1442 T
. AC? + BC? = 1681 &
- i F]
AB* =1681 AC? £ BCt = AB? Sin28  _ 1+4
1+cos28 2
- AABC is a right angled triangle (square of hyp = sum of squares of other 2 sides) 1+4
. 2 ACB =S(P (opp hypotenuse) sin2¢ 1+
. AB is a diameter ( £ at the circumference in a semi circle is 90°) l+cos20 141 x 5
sin28
1+cos28
END OF QUESTION 3 . Si020 2o

T l4cos29




(c) Solve the equation 3sin @ —cos ¢ =1 for 002
4

Using asind - bcos@ = rsin(f — &) where r=+a® +5* and tane = 2, o acute
a

tane =—
a=3, b=l 1TV 4y B

r=2 o=

=k

- 3sing - cos & = 2sin(@ —%)
Fs
= 2sin{f-—) =1
sin 6)

r
in@-29=
sin( )

(d) A ship, S, is sailing on a straight course for an oil rig, R, on a bearing of 050°. At the
same time, a lighthouse, L, is sighted in a direction of 012", The charts indicate that
the bearing from the rig to the lighthouse is 340", and a distance of 18 km from it.

(i) Draw a diagram showing the above information

(i) Find the distance from the ship to the oil rig correct to the nearest metre

x _ 18
sin32°  sin38"
_ 18sin32°
7 sin3g’
x =15.493km

END OF QUESTION 4

QUESTION 5 (Start & New Page) (12 Marks)

(a) Show M—-M =secd
sind  cosé

sin2¢ _ cos 20 _cosfsin28  sinfcos28
sin@ cos@ sinfcosfd sindcosd
sin26 cos26 _ sin(26-6)
sind cosd  sinfcosd
sin2¢ cos2¢ _ sin@
sing cosd sinfcosf
sin28 cos 281
singd cosd cos@
sin28 cos2@
b— - =secd
sind  cos@

(b) Sketch f(x)=x—-2-1

By inspection of critical points x =1, x =2, x =3 and sketching

N -

Y

[1»]

-




(c} Using First Principles, find the derivative of
F) =4dx* +5
Let there be a small increase inx, by &

flxriy=4(x+h)}? +5

Sle+ By =4(x" +2hx + B*)+5
Slx+h)=dx* +5+8hx+4h

Now the gradient of the tangent is given by
f'(x)=), li_n.‘o

Jflx+h)-f(x)
P

4x® +5+8hx+ 4k — (4x* +5)
h

f'(x)=;. li_mo

. . Bhx+4K’
F iy, limy =

Fe0=, lim 8x + 4k
Si(x)y=8x

(d) For the curve y=x*(x* -1},

(i) Find the derivative &
dx
dy 2 2
= =2x(x' -1+ x"(2x
4o (x* ~)+x*(2%)
dy 2 1
—=2 -1+
e x(x x7)
dy 2
& axaxt -1
2 - 2x(2x" )
{ii) Hence or otherwise, find the equation of the normal at the point (1, 0)
Atx=1
Y=y =mx—x)
-1
y-0=—{x-1
B 20— 2
“’x _ox, 1
& _ 2 Y 2 02
dx or
x+2y-1=0

At(l,O)andm=%l

Therefore

{©) The straight line joining the centre O, of a circle to an external point T, cuts the
circumference of the circle at Z. TZ = 32 cm and the tangent to the circle from
T is 40 cm long.
(0 Draw a diagram to represent this information

Y 40 cm

32em

(iiy  Calculate the radius of the circle giving reasens for your answer

Let the radius of the circle be » and the pt of contact with the radius and the tangent be Y

TY L OY (radivs of circle L tangent at pt of contact}

P2 4407 = (r+32)°
P +1600=r +64r +1024
64r =576

r="%m
END OF QUESTION 5

QUESTION 6 (Start 2 New Page) (12 Marks)

(a) Solve forx: |x* 3| < 5x+9

When |x* —5|> 0 When [x* - 5|< 0
2 -5<5x+9 x2-52-5x-9
P -5x-1450 x*+5x+420
(x=Tx+2) <0 (x+)(x+1)= 0
Critical Poinis Critical Points

-2 and 7 -4 and -1

Testing Points

Asx > ~2° (x-Tx+2 20 Asx> —4" (x+d)(x+1)=20

Asx> —2°  (x-TH{x+2)<0 Asx > —4* (x+D)(x+1)<0

Asx> 7 (x=THx+2)<0 Asx> -7 (x+HE+D <0

Asx> 77 (x-TNx+2)20 Asx-d» 1" (x+d)x+D=20
ie. —2<x<7 ie. —dzxz-1




(b} The equation x” + px* +gx+ pg =0, where p=0 and g Ohas 3 real rootsex, § and »,

() By considering the relationships between the roots and the coefficients of the equation,

show that (& +ﬁ+y)[L+L+i)=1
a p vy

b (a+ﬂ+}'{i+—l-+—J——px"—l
(a:+,r3+;y)='T a B p
a+fi+y=-p .'.(a+ﬁ+y{l+-l-+-l—J=l

a gy
l+L+l=aﬂ+ay+ﬁ7
I afy

[+
1 11 3
—t—t+—=-*

a By -d

a
1. 1,1 9
a B r -m
1 1 1 -1
k=
a By »p

(ii) Show that —p is a root of the equation. Hence show that g<0.

If —p is a root, then P(—p) =0
P(=py={-p) + p(-p)* +q(-p)+ pq
P(-py=-p’+p’ - pg+pq
P(=p}=0

Therefore —p is a root

X2+ px? 4 g+ pg=x*(x+ py+g(x+ p)
2+ px’ +gx+ pg=(x+ p)(x* +q)

Therefore P(x)= 0 when (x+ ) =0CR (x* +¢4)=0
=g
BUT
Soeitherx=—-p OR x* 20
L—g>0
nLg<

(c) The quadratic equation x* —x + k& = 0, where k is a real number has 2 distinct, positive real roots.

()  Showthat 0<k< %

A=b*~-4ac
A=1-4k

For 2 distinct, positive real roots, A > 0 and the product of the roots is positive

1-4k>0
1> 4k afi >0
So l;,k and nE50
4 a
1 k>0
k<—
4
Therefore 0<k <%

(iiy  Letthe two roots be & and £ . Show that a® + 8* = 1- 2k and deduce that

l 2 4
—<a +f8 <l
> B

at+f=(a+p) -20p a+f="—
ot +fr =12~ 2k 4

From (i) above
0<k<l
4
0<2k <t
2
-1
0> 2k>—
2
1
1>1-2k>=
2

—<1-2k<1

1 2 2
—<a*+ " <l
5 B

END OF EXAMINATION
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