MATHEMATICS EXTENSION 1

PRELIMINARY EXAMINATION

2004

Time Allowed - 1.5 hours
(Plus S minutes reading time)

DIRECTIONS TO CANDIDATES
o Attempt all Questions.
o Start each Question on a new page.
o Board approved calculators may be used.
o All necessary working should be shown.

OUTCOMES ASSESSED
PEl, PE2, PE3, PE4, PES, PE6.

QUESTION1 (12 Marks) Marks

a).  Solve for x:
3x-1 51
x-2
b).  Find the acute angle between the lines 3x+y =4 and 2x-3y =1.
(Write your answer to the nearest minute).
¢). Find the exact value of sin 75°
d).  The equation x>+ px+24 =0 has one root which is one and a half
times the other. Show that there are two possible values for p and find
the roots of each of these values.
e). Write down the equation of the locus of a parabola with vertex at
(2,3) and focus (2,1).
QUESTION 2 (12 Marks) Use a new page
: 3
2. Find S * -8
x—>2 x-2
b. If f(x)= find the domain.
X— X2
c). Find the general solution to the equation 2cos(2x — 60°) = \3
d).  The point P (Zap, apz) lies on the parabola x = 4ay

@i).  Show that the equation of the tangent at Pis y = px—ap’

(). IfQ (Zaq, aq’) also lies on the parabola, and PQ is a focal chord,
show that the tangents at P and Q intersect on the directrix at
right angles.

e). How many different arrangements of the letters of the word SERIES

are possible if
(i). the two letters S are to be together.
(ii). no two vowels are together.



QUESTION 3 (12 Marks) Use a new page Marks
a).
(i). In how many ways can 6 men and 5 women sit around a circular
table without restrictions? 2

(ii). How many ways are there if 2 particular women wish to sit next to
a particular man? 2

Pox+1
x-1
(i). Find any stationary points and determine their nature.

b).  Forthe curve y = X

(i) .Write down the equations of any asymptotes.

(iii). Write down any intercepts made with the co-ordinate axes.

(iv). Sketch the curve. 8
QUESTION 4 (12 Marks) Use a separate page Marks
a).(i). Write the expansion for cos( a +6) 1

(ii). Hence, or otherwise, prove that cos36 = 4cos’ 6 -3cosh 2

(iii). Solve 8cos’ 6 -6cosf-+3=0 for 0°< 6 <360° 2
tanx—tany_sin(x—y) 3

b). Prove ——— <
) tanx+tany sin(x+y)

c). If P (6, 2) divides the interval AB extemally in the ratio 2:7, find the
co-ordinates of B, if A has the co-ordinates (4, 0). 2

d).  Find the co-ordinates of Q, given that the chord of contact of the
tangents from Q to the parabola x> =14y is 5x—14y-21=0 2

QUESTION5 (12 Marks) Use a new page Marks

a).  Doris is standing at D and observes the angle of elevation of the tip of a
flagpole A, on top of a building to be 22%:° Her friend Katie, who is standing at K,
300 metres due east of Doris, finds the angle of elevation of the tip of the flagpole to
be 18°. The building is due north of Doris and B is the base of the building. The
points B, D and K are on level ground.

NOTTO
SCALE
h
N
B
180
~
D 300m K >E

(i) Show that the height (k) of the flagpole above the ground is given by

=300 (cor*18%cor® 2215)™ 3
(i) Find the value of A, correct to 3 significant figures 1
b) (i) Express V3 cos6 +sin Bin the form 4 cos (6 - ) where A>0 2

(ii) Hence, solve the equation V3 cosf +sin 8 =-+3for 0°<H<360° 2

2
¢) (i) Given that !zjix_f =x -1, and the tangent to the curve y = f(x) at the

point (0, -1) is inclined at 45° to the positive x - axis. Find the equation of the
curve. 2

2 ———
(i) Find 9. for the function y = -2 2
dx



QUESTION 6 (12 Marks) Use a new page Marks

a). Given the gradient function in the diagram below:- 2

1)

—

Draw a set of axes and sketch a function to represent f(x).

Vx

+1 -1
b) @) If f(x)= , show that f'(x)=— 2
Jx-1 Silx-1)

(ii) Show that the equation of the tangent at (4,3) on the curve
x4l
-1

f(x)=:/=

x isgivenby x+2y-10=0 2

X

€) The running cost ( cost of fuel ) for a certain ship is $4 per hour when
the ship is not moving, and this cost increases by an amount that is
proportional to the cube of its speed, Vkmv/h. If the running cost per
hour is $7.25 when the speed is 15 km/h, obtain a formula for the
running cost per hour at speed V, and calculate the value of V for
which the total running cost for a journey of 500km is a minimum.

d) Find the Cartesian equation of the curve whose parametric equations are
x=1+2"andy=2"



Queshon 1
o) Sclve 3x-1 51 x @2
x-a
For x-2 70 For x—2. 40
X722 3
3x -l X - 3x -] £ 2 -2
22 7 -1 2x s -1I
-1 x s -1
Ct 7 . 3
Slmu\+uneou5h.3: <72 SlmuH’Oﬂeoushj :
-V -1 2
2
Soluhon s x<-Ya or %X 72

ﬁd)Ll‘} x"‘+Pu.+aq.=° have 2 roots of | B , where

, 2o =
© 2" P
#en  sum of rools: BA+d =-P D
> 51 . P')_
produck o! roofs : 3;( =
&
2
é’)
x < -1 f"-‘- 100
2 /_2
p:t:o D
‘Ww 2 resuHmj quadruhc_s are
.//3 —lox + 2}y =o

whee Hre roks ae x=4

x* y1ox + 24 =o whae the rootks e x=~y -6
b) Find e acule an3|e between 3*_-’-3:4& lx-'ﬁ\d;(. 29 .
L:y=y-3x L, gy=3=x-1 e) Focus (2,!) , Veriex (2.,3) _ 3[ Y h
Smp= -3 3 mz:_'l_ L A= 92 |
Equahbn has +he form: s
+an 6 =,m, -m, 0y (:x. h)-'— *'-t—a(!j —k)
1+ mym2 o ° l2
Jrm e . /2
1+ (-3Y33)
=l
3
. B=Ty°45’

Thus, the acude ms[O R TRV

<) Fnd  sin 757
s 75° = sin (30° +457)

= Sin 30" COSYS® + Sin Y5° cos 30 |

= Lxl ¢+ L. J3
a2 I3 a =

sk 75° = 1 +]3

5



Queshon 2 _ )
a) hm x>~-3 = him (_xék{x‘*-b;-y q—) for x5 2
X —=>2 x-2 x— & x
= ]II'.Y) x> 4+ 2x 4
X—
= 22y 2x2 4y ;
=12 /7.

X -X*

b) Given F(x) =_I \]‘l’(*)

then 2-x*>0

Y o M
e xX*-Xx <O

x(x ~l‘) 4o

o< x <\ /'\

Domam = §{ x: O0<x<1}

¢ 2 cosv(Zx —60".) =3 oS "; .

2x - 60°= n.3Lc% ¢ 30
2x = n.360.+ 907, n.360"

Goxs AISCAI5 4307
)e\ Show e eqn. o{ Hne AY
*Fonjen:: al P s y=p>¢ -qP'. .x‘zu-atg) /\LD
J* % P (2ap ap‘
9'= X at x=2ap (20g,.aq’) = AR
2a

m=p N/ =
3—0.P":P(’x-2ar> - IR
Y =px —apt  ( as required)

b)(]l'l') In-kru.,o-‘-s : ;szo Hven x;-x' +! =o
has ro salu"-\-ons , thus

M ore no 2 |;T‘(J'C2P'*I .
t‘px=o .'-:j:"‘.

(v) Skeidh
Chede +he curve near dhe as‘zjmp'l-ok o =\

as s -— |” g4 —> =0

as x - |} j - 4+ 3;_‘:@‘)

1Y I < '/+
l /_‘_\5, obh'qui a.s'jmlo%*
L3 ' /
i F—@2) mntp
|/
" A
= 2 SR R
AR
// # !‘—~ ver heal asynplole
»

"

—_



Question 3a

(i) The first person sits anywhere, and then treating the circle now as a

line, the remaining 10 people sit in any spot. That is 10! possibilities.

(ii) Consider the woman-man-woman group as a single “unit’ in the
circle (two possible arrangements), leaving 5 men and 3 women i.e.
8 people.
Using a similar argument to (i), in total there are 8! x 2 possibilities

(the 2 comes from arrangement within the group)

Question 3b

(1) Stationary points:

_x2—x+ r n 1

yim—l z—1 -7 r—1

@_1_ I (z—1P2—-1 2(x-2)
dr (x—1)2  (x—1)2  (v—1)2
d2y_ 2

dr?  (z—1)3

Therefore, stationary points occur at z = 0 and = = 2.
The second derivative at x = 0 is negative, so = 0 is a local maxima,

The second derivative at x = 2 so z = 2 is a local minima.

(ii) Asymptotes:

The equation of the asymptote is z = 1

(iii)  Intercepts:

There is no z-intercept as the discriminant of > — z — 1 is negative which
implies that 22 — 2 — 1 = 0 has no solution.

The y-interceptis y = —1

(iv)  Graph of function:

AN

o




-

Queshén H
a) Q) cos (au-e) = (DS €COS O ~ Sd SING .

. (I\) Prove cos 30= Y Cos®*0 -3 cosO
ProoC: L. HS cos 360
= €os (36 +6)
: cos Bcos O — SN AB. SO
: (cos®E —Sfﬂ’e)cose - 25 OcosS.s5m O

- cosdO -Sin*OcosO -~ Q5O cos ©
= cos 6 - 3 si~Ocoes
= cos3pg -3(}-COS’6) cos ©
: Y o330 ~ 3cosO |

. LBS - RusSy )

(i) Solve Bcos?6 - Leos® -~ =0 0’0 2360 -

dode b.s. bu - A TN
9 3
Yeos36 -~ 3cas ® = _f_g_
F-N
Now, <E’(:rh aboue
Y cos®0 - 3cos O = cos 30
Cos 30 = _E_

B ° -
38 . 30°,330%) 290°, 6 90°, 750", 10SD

.6 = 10%, 10", 130°, 230" 2507, 350",

)

\
(XY

BY Prove tonx ~tony = S"\()I—:j

TeAT L g S (%Y
LY, = _:;\r\ .(‘ - lsl;\ﬂ.
cOS X cosy
Svn X + SM:i
‘cosX C.Dsj
= _smx cosy — Sn—\gcos x‘.

oS X cosYy

9h>( cosy + S"\&Cﬂs"(
CosS X tostj

"

Sf:x cosy — Sw\g cos X
TSinx cosy +siay cos >

. st (k=9 - owue

c) P(G'R) divides AB extenally ~ Hie rah.o..?_'."l
IF A(,0) Ffind B (4
G = ( :Xz,) ;(‘Ilq—) 2= _('113;) -(7Xol_
a- -7

L Y: - -5 Y

Thus, te ccordinales of B are (—n,-s) 72

d) Fird e coadinates =L Q ’ 5(ucf~. Hat |
fhe chod of contoct of Hae +a-\3e,-.-}—s Q‘Qm& )
o =4y s Sx — 4y -2 =o.
The chord of cortact has He Lormm:
XXz 20y *fjﬂ) where Glo,ldn) =R
- = 7ﬂ + 7'jo a=
e HXg — '7zj —73‘, ~o
3“,9... 5x - “f‘j -2l = o .
The raho of H#e coeffidients ore equal

pis

Xo = =1 “750 =-=17
L = -1y

- -5 -

S Xo =5/ Yo = 2 /.

Thus, & has coordiriedcs ( 5/, 3/2) o



. GQueshon B

a) (I) m hl 5°°(C°+‘l8'-co+"q'2‘/;) (@

From ABAK :

»E
1»] 300m k

from ABAD : col 220

La-BD

\
S BD e h et 21./3..
ol 12°2BK

h

BK = hcot 18°

Llsinj Pﬂ-ﬂnajoms' Theoran: -
hot*18° - h‘Cd‘Q'Z/z' = 300"

. h = 3aco (co+‘

(") h=157.16263..

ls)(l, Expmss 3cos O + SHO 1h e

- cob* 224 ) %A /

AR
1

form ACoS(O—d).

Acos(O-a)- A(c::secosd 4 SINO SIn &

= 3cos® + snbd
Equahma like ‘Dw-h,
Acosd = {3

Asnd =1
A’(cos"o( +sn§~.‘n() = B>
A'= 4

=
+and =
S A = 30°

S A= A(‘*altefverodon\j)

L eos da ‘E/a & sinet= Y3
J3 cos© + s o

@) Solve J3cosO+sp-0 = -3

= 2.cos(® -30°) 4

0°< © < 360"

YOy = x -1 ®
ax*
¢ = X - +C when >xx=—o da =~
& - s
~l=zC
2 %. = }: -x -
EN
5=%_’-_:..__1+K -Jbo\x:o,:,:-,
-1 = K
‘j=l;"£-"~"\ 2 ]
= (2
an Y= i "
sy
dy = p(-ax) P
= =1\
Jl-lx
N *h
d s -l =L[f1=Qx .
oy (=)
= —-'
Ji—ax ? /2

Fro:hé) Acos (6-30') = -8B |8u/-0
cos(® -30?. -5/, <
O -3¢« IS0°, 2|o'. '::: o &
. © = 180°,240 =

A



Queshion b,
a)

S‘ahéy\ a_rj I”' 3 ,
B) @ ) 'p(x) = JJ;N_ :\-‘)
‘P,(!) 2

fx -1 ~-(I= H)
adx alx
==y

I\
2 (ke-iy*
.'.-p':( = =\ requices! s
( ) m; ( as Q )
) The equahc'h of e tanoent has
the Fomft -y, = m(x—x,) where (i,,mj,]:(ty,s)
e _-j—s ——‘(x—q—) m=_=) ==L
(- 2
23— 6E=-x +y
x +2y ~lo = o

(ns requ.‘rec.()
c) /l\ Wﬁ?\(l») ceet for n iINcceases

f(boo + QOxn) P

N of unids oc;g,o:ed
= 100 - l+xn

e Qex\y (300 +20n)(100 wn)

30000 + 800N - YOn*

(ns requiced )

e :c_’_&’.
Led x be =tall

k") lo  maximize revmue/rer\+

dR = 800 - ibon

an o
AR = ~ 1o ((o = maxumum)
dnv

For +u.rm'-—\5 phs

dE = ¥ '
A
@ V00 = 160on ‘

‘ne S

aoooo + €00x'5 - 8Ox5>
too

R = #320 oo
. ;j(‘ﬁe wedclj rext should be $320 1~ ocder
. Ma’(lmlu recesue |
? |
,d) Fiho  #he carlesian equ.a‘hon of +Hie 1/
Poramedrc equa.hot\s

x-l'l-ai —©
t

. 3:®2 2_)__'@ v .).J
om = -

( at=(l

i where. 5:26'
H — )
d= e 2

C—) Cos} / hour
G715

"

22
FE+kVv?)
2+ 3375k

n

CLenrme

3 costs: - O s
a¢ (3+v X ySe & TR eF heun
qo00 v
ax .- _ = "
3 = l35}o+v o) when v <
v <o
V3z 3546 T
, HV s WS, .
Thas

when Vv > v
r we haue

‘iiSn

G M. cosd





