Inaburra 2003 Mathematics Extension 2 Half Yearly Exam

Total Marks (120)

Atlempt Questions 1 - §
All questions are of egual value
Answer cach question in a SEPARATE writing booklet. Extra writing bocklets are available.

Question 1 (15 marks) Use a SEPARATE writing booklet. Marks
(a) (i) Express fi=1 - W3iandz=1+iin modulus-argument form, 2
(ii) Consider the product 7z
(c) Find | Bz ). 2
(f3) Find arg (7 z). L)
(iii) With the aid of a diagram, give a geometric description of the
transformation z — fi z, 3
(B} Graph the locus specified by arg (z - 1) = % 2
(c) By letting z = x + iy describe with the use of a diagram the locus represented by 4

Re (z—l}l=ﬂ.
Z
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Question 2 (15 marks) Use a SEPARATE writing booklet. Marks

) x

(a) (i) Determine the type of curve represented by the equation ':T + PIRT:

each of the following cases.

() k=16

(0= k= 16

(i} Show that all curves in part (a) above have the same foci, no matter what
the value of & is. Write down this value of the foci. 5

(Hint: Use two cases—one for & = 16 and one for 0 < & < 16,)

2 ]
(b) (i) Sketch the hyperbola I? - T}Iﬁ- = 1, showing foci, directrices, vertices and p
asymploles.
-1_2 }.I
(ii) Write the parametric equation for the h}-p:rbnla? el 1. 2
@ 1f—x=2 4 for all values of x, and if A and B are 2

(x=1(x=2) x-1 x-2
coefficients imlependent of x, find A and B.
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Question 3 (15 marks) Use a SEPARATE writing booklet.
{(a) (i) Find the square roots of 5 - 124,

(ii) Hence, or otherwise, solve the equation F-dr+l+3i=0.

(b} The equation x” + ax” + b + 15 =0 {a, b € R) has x = 2 + § as one roo.
(i} Find @ and &

(i1} Solve the equation.

(€} Given that the equation x” = 55" = 9x" + B1x — 108 = 0 has a triple root, find all
roots of this equation,

Marks

- Page 4 of 10-




Question 4 (15 marks) Use a SEPARATE writing booklet.

(a) If @, fand y are the roots of 6x° — 22% + 3x — 4 = 0, form an equation whose
roots are:

(i)

111
ﬂt'_ﬂ ¥

(ii} ;15- ,%,}% (Hint: Use answer from part (i)).

(b) (i) Use De Moivre’s Theorem to express cos 58 and sin 58 in powers of sinl
and cosi).

(i) Hence, express tan 56 as a rational function of ¢ where ¢ = {anf,

{iii) Deduce that h“f_mE tnna—# Ia"-'-'l_rr =5,
5 3 5 5

(Hint: Solve tan 58 = 0, and equate this with the rational function of L)

Marks

L
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Question 5 (15 marks) Use a SEPARATE writing booklet.

(a) The complex number w, where w = 1, is a root of the equation Z-1=0.
(i) Show that 1 + w + w’ = 0,

(ii) Show that 1 + (1 +w)' =10,
() I P is a complex number, use De Moivre's Theorem to prove that F - ()"

{c) Find and plot on the Argand diagram the [illh roots of -32.

Q::IJ | P(x) is a polynomial of degree 4 with real coelficients,
The complex number o satisfies Im{o) = 0, Re(e) = a, and jof = r.

Show that if o is a zero of P(x), then Mx) has a facior of £ - 2ax + r* over the
field of real numbers.

Marks
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Question 6 (15 marks) Use a SEPARATE writing booklet. Marks

{a) Given that the focus of an ellipse is S{ae, 0) and the directrix is x = i, show
&

with the aid of a diagram that b = a” (1 — &%), )
(b} Letz=x+ iy be any non-zero complex number,
(i) Express z +l in the form of a + ik z
4
(i) Given that z +%= kwhere k is real, show that either y = D or2® + ' = 1. 3
(iii) Using z = x + iy, show that, if y =0, then |k = 2 3
(iv) Using your result from part (ii) above, show that, if £° + y* = 1, then i = 2. 3
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Question 7 (15 marks) Use a SEPARATE writing booklet.

(a) If e, B andy are the roots of 2¢° + 4x” — 2x — 2 = 0, find the valve of
o+ -2 s y—20[+y=2)

(b) If one root of the equation x* + &x” + hx + ¢ = (1 is the sum of the other two
rools, show that @” + dab + 8c = (),

(c) The complex number z is a function of the real number  such that

[ 1
zwm—— where —=i=1.

rei J3
(i) Show that | = 1.

(ii) Find the values of = for = and { = 1.

4
B

(iii) Hence, or otherwise, write down arg(z) lor ¢ = % and f = 1.

1
(iv) Describe the locus of z in the Argand dingram as [ varies from :H e 1.

Show clearly where 2 starts and finishes.

Marks

[ R ]



4

Question 8 (15 marks) Use a SEPARATE writing booklet. Marks

3 2
(a) Consider the ellipse with equation :;5 + % =1.

Prove that the section of the tangent between the point of contact and its point 7
of intersection with the directrix subtends a right angle at the corresponding
focus, T

N y a
direcinz x = —
e

e o e LT T P ——

1
(B) P (u cosd, b sind) is a point on the ellipse I—I + iT = 1. A line L through the
a

origin and parallel o the tangent at P meets the cllipse at R.

xcos@ L ysin@

(i) Show that the equation of the line L is given by . (1] 2
a
(ii) Show that R = {asinfl, ~bcos) 2
{1ii) Show that the perpendicular distance of P from line L is given by 5
ah
<
I Vb cos* @ +a’sin’ @
(iv) Prove that the area of AQPE is v;uub_ 2

END OF EXAMINATION
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