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QUESTION 1  
 
(a) Evaluate: dx

x
x

∫
+

4

0
29

. 
Marks 

2 

(b) Find: 

 (i) dx
e x∫ −+1
1 . 

 
 (ii) dxxx∫ 3tansec . 

 
2 
 
 
2 

 
(c) An ellipse has the equation 1

4
2

2

=+ yx . 

 (i) Calculate the eccentricity for this ellipse. 
 
 (ii) Draw a neat sketch of the ellipse, clearly labelling the foci, directrices and 
  intercepts with the coordinate axes. 
 

 
 
2 
 
3 

(d) Find the coordinates of the points on the graph of xyyx 333 =+  at which the tangent lines 
are parallel to the x-axis. 

4 

 
 
QUESTION 2  START A NEW PAGE 

(a) The diagram below shows the graph of )(xfy = .  The graph has a horizontal  
asymptote at 0=y . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Draw, on separate sets of axes, sketches of the following graphs. 
 
 (i) |)(| xfy =  
 
 (ii) )(2 xfy =  
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Question 2 continued 
 

 
(b) Given dx

x
xI

n

n ∫ +
=

1

0
2 1

  for n = 1, 2, 3, . . . . 

 (i) Show that: 

    21
1

−−
−

= nn I
n

I  for 2≥n . 

 (ii) Hence, evaluate: 
 

    dx
x

x
∫ +

1

0
2

5

1
. 

Marks 
 
 
 
 
2 
 
 
 
2 

 
(c) ),( 11 yxP  is a point on the ellipse 12

2

2

2

=+
b
y

a
x  with foci 1S  and 2S , so that 1PS  is 

parallel to the y-axis and 01 ≥y , as shown in the diagram below. 
 
 

 
 

 
 
 

 
 
 
 
 
 
 
 
 (i) Show that the y-coordinate of P can be given by )1( 2

1 eay −= , 
   where e is the eccentricity of the ellipse. 
 
 (ii) Prove that the equation of the normal at P is 03 =−− aeeyx . 
 
 (iii) For a particular ellipse the normal at P passes through point Q which is at  
  the end of the minor axis, as shown. 
  Calculate the value of 2e  for this ellipse, expressing your answer as a surd 
                         in simplest form. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
2 
 
 
3 
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QUESTION 3  START A NEW PAGE 
 

 
(a) 

 
A hyperbola has foci at )6,0(1S  and )6,0(2 −S .  One of the vertices is at )2,0( −A . 
 
 (i) Find the equation of the hyperbola. 
 
 (ii) Find the equations of the directrices and the asymptotes of the hyperbola. 
 
 

Marks 
 
 
3 
 
2 
 
 

(b) Consider the function xexf x sin)( −= . 
 
 (i) Show that the graph of )(xfy =  
 
  (α) intersects the x-axis at πnx = , where n is an integer,  

  (β) has stationary points at 
4

)14( π+
=

nx . 

 
 (ii) Sketch the graph of )(xfy =  for ππ ≤≤− x . 
 

 (iii) Show that cxxedxxe xx ++−= −−∫ )cos(sin
2
1sin , where c is a constant. 

 
 (iv) If An is the magnitude of the area of the region bounded by the curve  
  xey x sin−= and the x-axis for ππ nxn ≤≤− )1(  show that: 

     π−= e
A
A

0

1 . 

 

 
 
 
 
1 
 
1 
 

2 
 
 
3 
 
 
3 

 
 
QUESTION 4  START A NEW PAGE 
 

 
(a)  (i) Prove that ∫ ∫ −=

a a

dxxafdxxf
0 0

)()( . 

 (ii) Hence, or otherwise, calculate the value of ∫ +

π

0
2cos1

sin dx
x

xx . 

 

Marks 
2 
 
 
4 
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(b) 

 
 
Question 4 continued 
 

)tan,sec( θθ aaP  is a point on the hyperbola 222 ayx =−  , where 
2

0 πθ << as shown in 

the diagram. 
 
 
 

 
 
 
The point of intersection of the tangent at P with the x-axis is point T.  O is the origin. 
Let β2=∠OPT , 
 

 (i) Show that 
θ
θβ

sin2
cos2tan

2

= . 

 (ii) By using the formula 
β

ββ 2tan1
tan22tan

−
= , show that 

2

cos
sin1tan 



 −

=
θ
θβ . 

 
 (iii) Given that MP is the bisector of OPT∠ , as shown in the diagram above, 
  prove that MP is always parallel to one asymptote of the hyperbola. 

 
 

Marks 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3 
 
 
3 
 
 
3 
 

 
 

END OF EXAMINATION 
 

)t a n,s e c( θθ aaP  

x 

y 

O M T 

β  
β  

S A 

xy =  

222 ayx =−  
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