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General Instructions 
 

 Reading time – 5 minutes 

 Working time – 3 hours 

 Write using blue or black pen 

 Board-approved calculators may be 

used 
 

 A table of standard integrals is 

provided. 
 

 All necessary working should be 

shown in every question 

Total marks (120) 

   Attempt Questions 18 

  All questions are of equal value 

  Use a SEPARATE booklet 
 for each question 
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Question 1 

 

a)  

Find 







1

5

2 134xx

dx
 

 

 

3 

b)   

Find 




 xx

dx

4

2
2

 

 

 

 

3 

c)   

Use integration by parts to find the value of  dxxx
3

1

3 log   

 

 

3 

d)   

Find  




 x

xdx

2cos1

sin
 

 

 

3 

e)  Using a suitable substitution, find 






 22 9 xx

dx
 

  

3 
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Question 2 

 

a) Find all values of yx  and  such that   iiyx 4
2
  

 

 

 

 

 

3 

b) Let iw 322    

 

i) Find w  

 

ii) Show that ww 42   

 

iii) Prove that w  is a root of the equation 0643 z . 

 

iv) Find all roots of the equation 0643 z . 

 

 

 

 

6 

c) Draw neat sketches showing the main features of the following locii of z.  

 

i) 
3

)2arg(
3





z  

 

ii)    222  iz  

 

    

  

 

4 

d)  i) For z satisfying  222  iz , find the greatest value 

         of  zarg . 

 

ii) For z satisfying  222  iz , find the greatest value 

         of  mod z  

 

2 
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Question 3 

 

a) 
Consider the ellipse 1

4

2
2

 y
x

. 

 

i)         Find the eccentricity, e, of this ellipse 

 

ii)         Find the coordinates of the foci of the ellipse. 

  

iii)         Use implicit differentiation to show that the derivative 

                    of the equation of the ellipse is given by 
y

x

dx

dy

4


  

 

iv)         Show that the gradient of the tangent at the endpoint of the 

              latus rectum in the first quadrant is e . 

 

               

 

6 

b) 
i) Find 

  
i

ii

2

322 
 in the form iba  . 

 

ii) Express i22 in mod-arg form 

 

iii) Express 
  

i

ii

2

322 
 in mod-arg form 

 

iv) Hence find the exact value of 15sin   

 

 

 

 

5 

c) Let   5832 23  xxxxP  

 

i) Write down the only possible rational roots of the equation   0xP  

 

ii)  Hence solve completely, the equation   0xP . 

 

 

4 
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Question 4 

 

a)  

Use the substitution 
2

tan
x

t  to show that 



33

2

sin2

2

0






 x

dx
 

 

 

4 

b)  
),(

p

c
cpP  lies on the rectangular hyperbola 2cxy  . 

 

i) Show that the equation of the normal at P is 043  ccppyxp   

 

ii) Hence, find the coordinates of the other point Q, where this normal 

cuts the hyperbola.  

 

 

4 

c)  A complex  number z moves in the Argand plane so that Re( ) 2 3z z   

 

i) Explain why the locus defined by the above equation is an ellipse 

with one focus at (3,0). 

 

ii) Find the centre of the ellipse and the length of its major axis. 

 

4 

d)  Solve  0253 234  xxxx  given that it has a root of multiplicity 3 

 

 

 

3 
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Question 5 

 

a)  

The graph of  
)4)(4(

1




xx
xf  is sketched below. 
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Draw neat sketches showing the main features of: 

 

 i)    
)4)(4(

1




xx
y  

 ii)    
)4)(4(

12




xx
y  

 iii)    
)4)(4( 


xx

x
y  

 

 iv)    









 

)4)(4(

1
tan 1

xx
y  

 

8 

b) i) Show that the equation 0596 23  xxx  has only one real  

 root,   

 

ii) Determine the two consecutive integers between which   lies. 

 

iii) Express the modulus of each of the complex roots in terms of  . 

 

iv) Deduce that the value of this modulus lies between 1 and 
2

5
  

7 
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Question 6 

 

a) Find all the solutions of the equation xx 2cot3tan    

 

4 

b)   

 

 

 

 

 

 

 

 

 

 

The diagram shows the square ABCD in the complex plane. 

A represents the complex number i and B represents the complex number z. 

 

i) Find the complex number represented by the vector AD



. 

 

ii) Hence, or otherwise, find the complex number represented by the 

point C. 

 

4 

c) i) Show that the graph of xey x sin crosses the x-axis when 

            kx    (k is an integer). 

 

ii) Draw a sketch of xey x sin  in the domain 20  x . 

iii) Let 

 









k

k

x xdxeI

1

sin  where k is an integer. 

            Show that 
 1( 1) 1

2

k ke e
I

e

 



 
  

 

iv) Find the area bounded by xey x sin , the x-axis and the lines 

0x  and 2x  

             

 

 

  

7 
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Question 7 

 

a) i) Show that the equation of the tangent to the hyperbola   

 )0(1
2

2

2

2

 ba
b

y

a

x
 at the point )tan,sec(  baP  is: 

 

            abaybx   tansec  

ii)        If this tangent passes through a focus of the ellipse 1
2

2

2

2


b

y

a

x
,    

show  it must be parallel to xy  or xy  . 

 

iii)  Show also that its point of contact with the hyperbola 

 

             lies on a directrix of the ellipse. 
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b)  

i) If 
2

0

cos



xdxxI n

n  , show that 2)1(
2









 n

n

n InnI


 

 

ii) Hence find the value of 4I  

 

 

iii) Find the value of 3I  
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Question 8 

 

a) i) If w  is a complex cube root of unity, show that 01 2  ww  

 

ii) Find the cubic equation whose roots are 21,1,1 ww  . 

 

 

4 

b) 
The graph of the function  

21

2

x

x
xf


 is shown below.  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

i) Sketch the curve  xfy   

 

 

ii) Find the acute angle between the two branches of the curve 

 xfy  , where they meet at the origin. 

 

 

4 

 

 

 

 

 

 

 

 

 

 

 

 

THIS QUESTION CONTINUES ON THE FOLLOWING PAGE 
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c) 
The graph of the  function  

21

2

x

x
xf


 is again shown below.  

In this diagram a rectangle ABCD has been drawn. The inscribed rectangle 

has its base CD lying on the x-axis and its height given by the function. 

 

 

 
 

 

 

 

i) Show that   









x
fxf

1
 

 

ii) The area below the curve and above the x-axis, in the first quadrant, 

is unlimited. Show that this is true by considering the definite 

integral 


a

dx
x

x

0
21

2
. 

 

iii) Let C be the variable point (x,0). Using part i) or otherwise, find an 

expression for the area of the inscribed rectangle ABCD in terms of x. 

 

 

iv) Hence, find the limit of the area of the inscribed rectangle 
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SOLUTIONS  EXTENSION 2 PRE TRIAL - 2009 

Question one 

a) 








 




1

5

2

1

5

2 9)2(134 x

dx

xx

dx
 

 =







 


3

2
tan

3

1 1

1

5

x  

 =  
6

1tan1tan
3

1 11 
   

b) Let  
x

B

x

A

xx





 4)4(

2
 

 2)4(  xBAx  

 x =0
2

1
 B , x = 4 

2

1
 A  

So, integral becomes 

 

C
x

x
dx

xx







 


4
ln

2

11

4

1

2

1
 

c) 
3

1

3 log dxxx  

 
4

'
4

3 x
uxu   

 
x

vxv
1

'log   

So, 
3

1

3 log dxxx = 











 3

1

3

3

1

4

4

4

log
dx

xxx
 

= 









16

4

4

3ln81

3

1

x
= 5

4

3ln81
  

d) = 




 
2

1

cos2

sin
2 x

dxx
 





 Cx

x
xdxx sec

2

1

1

)(cos

2

1
cossin

1
2

 

 

e) Let x = sin3 , 


cos3
d

dx
. Integral becomes; 








 


 







dec

dd 2

222
cos

9

1

sin9cos99sin9

cos3
 

 

= 
9

cot
= C

x

x




9

9 2

 

 

 

Question two 

a) iixyyx 4222   

2&022  xyyx  

2,2  yx  

 

b)i) 4w  

ii)  LHS = iw 3882   

     RHS = iiw 388)322(44   

              =  LHS 

iii)  
3

2
arg


w . 

So )
3

2
(4


cisw    and )2(643 cisw  = 64. 

iv) Since coefficients are real, roots are 

  ,,ww and 4, i.e. 4,322 i . 

 

c)  i) 

 
ii)  

 

 

 
c) 

i) Max value arg z = 
2


 

ii) greatest value of 222 z  

 

 

2 

2 

2 


 

x 
3 

29 x

 



 

Question three 

a) 

i)  
2

3

4

1
11

2

2
2  e

a

b
e  

ii) Focii are )0,3()0,( ae  

iii) 1
4

2
2

 y
x

 - differentiate both sides: 

y

x

dx

dyx

dx

dy
y

dx

dy
y

x

42
2

02
4

2









 

iv) Find end point of the latus rectum; 

2

1

4

3
13  yx . 


dx

dy
e

y

x












2

3

2

1
4

3

4
 

b)i) 

)13(13
1

)31()31(

2
4

)31(2)31(2

2

2

2

232232


















i
i

i
i

i

i

i

ii

 

ii) 2 – 2i = )
4

(22


cis  

iii) = )
12

(22

)
2

(2

)
6

5
(2)

4
(22







cis

cis

cis





 

iv) Im( )13(13  i )= 15sin22  

22

13
15sin


   

c) i)the only possible rational roots are: 

5,1,
2

5
,

2

1
  

ii) 0)
2

1
( P  

So, )52)(12()( 2  xxxxP  

And the roots are i21,
2

1
  

 



 

Question four 

a) Let 
2

tan
x

t  .  

When x = 0 , t=0; 1,
2

 tx


 

1

2

)1(
2

1
)1

2
(tan

2

1

2
sec

2

1

2

222






t

dt
dx

t
xx

dx

dt

 

21

2
sin

t

t
x


 , so intergral becomes: 



















1

0

1

0

2

2

2 1
)

1

2
2)(1(

2

tt

dt

t

t
t

dt
 

Complete the square; integral becomes: 

33

2
)

66
(

3

2

1

4

3
)

2

1
(

1

0

1

0

2

)
3

)12(
tan

3

2
(




















t

t

dt

 

 

b) 

i)  2212 '   xcyxcy  

     At P, m tangent  is 
2

1

p


, m normal is p2. 

Equation of normal:  

.0

)(

)()(

43

43

3

2









ccppyxp

cpxpcpy

cpxpcpy

cpxp
p

c
y

 

ii) Let Q be ),(
q

c
cq , mQP = p2. 

mQP = 
3

2 11

p
qp

pq





. So Q is: 

),( 3

3
cp

p

c



. 

Question four 

c)i) 3z - distance of z from (3,0) 

= 
2

1
 its distance from the y axis. 

ellipse with focus (3,0) and directrix the 

y axis. 

ii) 

 It follows from i) that the  ellipse has 

centre (4,0), major axis has length 4 units. 

d) If multiple root is  , 

.0)('')(')(   PPP  

So, 06612 2  xx has solution  . 

2

1
,1 . 

 roots are -1,-1,-1, and 2. 

 



 

Question five  

a) i) 

−6 −5 −4 −3 −2 −1 1 2 3 4 5 6

−2

−1

1

2

x

y

 
ii) 

−6 −5 −4 −3 −2 −1 1 2 3 4 5 6

−2

−1

1

2

x

y

 
iii) 

−6 −4 −2 2 4 6

−4

−3

−2

−1

1

2

3

4

x

y

 
 

 

 

 

 

 

 

 

 

 

b)i) Consider the graph of the 

function, 

0596)( 23  xxxxf . 

Find the turning points. They are: 

(1,-1) (max) and (3,-5) (min). Since 

they are both below the x axis, the 

graph of  

y = f(x) only crosses the x axis once, 

and hence the equation only has one 

real root,  . 

ii) f(4) = -1 < 0 and  f(5) = 15>0, so 

4 <  < 5. 

iii) Let the complex roots be zz & . 

Product of the roots: 







5

5

5

2







z

z

zz

 

2

5
1

2

55
1

4

55
1

4

11

5

1

54











z









 

 

a) iv) 

−6 −4 −2 2 4 6

−4

−3

−2

−1

1

2

3

4

x

y

 

 



 

Question six   a) xx 2cot3tan   

)03(cos)12(
10105

2
5

2
2

3

)2
2

tan(3tan









xk
k

x

kx

xkx

xx











 

b) i) 
iziziAD

izAB





1)(
 

ii) Let this number be u. 

u – i = z – i + 1 + iz izzu  1   

c) i) .00sin,    kk ekeykx  

 

1 2 3 4 5 6 7 8

−40

−30

−20

−10

10

20

30

40

x

y

 

iii) I = 




k

k

x dxxe
)1(

sin


 - integrate by parts. 

xvxveueu xx cos,sin'&',   

I =   xe x cos 




k

k

x dxxe
)1(

cos


,Use parts again: 

xvxv

eueu xx

sincos'

'




 

I =   xe x cos  xe x sin 




k

k

x dxxe
)1(

sin


 

I =   xe x cos  xe x sin I………so, 

 




k

k

x xxeI
)1(

)cos(sin2


  

))1cos()1(sin()cos(sin )1(     kkekke kk

 

= ))1cos()cos(( )1(     keke kk
 

k even: = 

)1)(1()1()1( )1()1(    eeee kkk
 

k odd: = 

)1()1(   ee k





e

ee
I

kk )1()1(
2

1 




 

 

Question six (cont’d) 

Area = 



2
22

0

2

2

)1(

2

)1(

2

)1(

sinsin

u
e

e

ee

e

ee

xdxexdxe xx






























 

 

Question seven 

i) Find 
dx

dy
(implicitly): 









tan

sec

tan

sec
0

22
2

2

2

2

22 a

b

ba

ab

ya

xb

dx

dy

dx

dy

b

y

a

x
 at P. 

Equation tangent is: 

ababyaxb

abxbabya

ax
a

b
by







)tan(sectansec

secsectantan

)sec(
tan

sec
tan

22

22











 

ii) Focus of the ellipse:  0,0, 22

2

22

ba
a

ba
a 













 
lies 

on the above tangent. So, substituting: 

22

22

sec

sec

ba

a

abbab












 

 

22
tan

ba

b


  

gradient of the tangent is; 

 





tan

sec

a

b
=

2222 ba

ba

ba

ab







 

            = 1  

And the result follows. 

 

iii) Point of contact with the hyperbola is: 

( )tan,sec  ba =( )tan,(
22

2

b
ba

a


 

                          =(
a

ba
a

22 
  ,……..) 

                          =(
''e

a
,…..) 

lies on a directrix of the ellipse. 

 

22 ba   

a 

  

b 



 

 

Question seven (cont’d) 

i) Using parts: 

xvxvnxuxu nn sin,cos';', 1    

 20sin



xxI n

n  - 
2

0

1 sin



dxxnxn  

     = 







n

2



2

0

1 sin



dxxnxn   use parts: 

xvxvxnuxu nn cos,sin';)1(', 21     , so 

  

2

2

0

22
0

1

)1()0(
2

cos)1(cos
2









































n

n

nn

n

n

Innn

xdxxnxxnI








 

As required. 

ii) 

0

24

2

4

4

212
2

12
2

12
2

I

II


































 


2

0
0 1cos



 dxsxI  4I 24
2

12
2

24

















 
 

iii) 

2

0

3

1

3

3 cos6
2

6
2




xdxxII 

















  

Use parts: xvxvuxu sin,cos';1',   

  


 

2

0

2
0 1

2
sinsin






xdxxx  

6
2

6
2

3

3 










I  

Question eight 

a) i)
01,1

0)1)(1(011

2

233





www

wwwww
 

ii) Sum of roots: 2+ 12  ww =2 

In pairs 

= 21111 3322  wwwwww  

Product of roots; 1)1)(1(( 2  ww  

Equation is: 

0122 23  xxx  

b)  

 

 

 

 

 

 

 

Question eight (cont’d) 

b)ii) 
22

2

)1(

22
)('

x

x
xf




  

'853
3

4

221

22
tan2)0(' 




 f  

c) i) 
2

2

2

1
1

2

)
1

(
x

x

x

x

x
f 



  

                = )(
1

2
2

xf
x

x



 

ii) 

  


 


aasaxdx
x

x
a

a
)1ln()1ln(

1

2 2

0

0

2

2
 

(iii) D= )0,
1

(
x

 

Area (x)=
2

2

2 1

)1(2
)

1

2
)(

1
(

x

x

x

x

x
x







  

 

 

iv) As 2)(,  xAx  


