SYDNEY GRAMMAR SCHOOL
MATHEMATICS DEPARTMENT
TRIAL EXAMINATIONS 2004

FORM VI

MATHEMATICS

Examination date
Wednesday 4th August 2004

Time allowed
3 hours (plus 5 minutes reading time)

Instructions

All ten questions may be attempied.

All ten questions are of equal value.

All necessary working must be shown.

Marks may not be awarded for careless or badly arranged work.

Approved calculators and templates may be used.

A list of standard integrals is provided at the end of the examination paper.

Collection

_Write your candidate number clearly on each booklet.

Hand in the ten questions in a single well-ordered pile.

Hand in a booklet for each question, even if it has not been attempted.

If you use a second booklet for a question, place it inside the first.

Keep the printed examination paper and bring it to your next Mathematics lesson.

Checklist
SGS booklets: 10 per boy. A total of 1250 booklets should be sufficient.
Candidature: 109 boys.
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QUESTION ONE (12 marks) Use a separate writing booklet. Marks
(a) Evaluate 3'—44 correct to three significant figures. - '
‘ 15-6 x 128 °

(b) Differentiate 52> —cosz .

| (¢) Find a primitive of z° + 5.

(] [v] [

(d) A sector of a circle subtends an angle of 40° at the centre of the mrcle If the radius
of the circle is 9 units, find the area of the sector. -

(e) (i) Solve |z ~4] < 1.

[=[=]

(i) Graph your solution on a number line.

(f) Express Ei—ST/LS- with a rational denominator.

]

QUESTION TWO (12 marks) Use a separate writing booklet. Marks

(a) Arthnir invests $20000 in a term deposit at 6% pa compounded annually. How much @
will the investment be worth after four years? Give your answer correct to the nearest

cent. -
(b} ‘Find the equation of the tangent to the curve y = e®* at the point where z = 0.
A
(c) ¢ A(9:6)
B(0.4) -
NOT TO SCALE
x
D(15,-1)

C(6,-3)
In the diagram above, ABCD is a quadrilateral:

(1) Find the midpoint of the diagonal AC.
(ii) Find the midpoint of the diagonal BD.
(iif) Find the gradient of BD.
(iv) Show that AC is perpendicular to BD.
(v) What shape best describes quadrilateral ABC D? Give reasons.

(o] [=] (=1 (=]

Exam continues next page ...
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QUESTION THREE (12 marks) Use a separate writing booklet. Marks

{a) Differentiate the following functions:
(i) ¥ = cos(2z +1)

T
log, =

(i) y =
(iii) y = z®tanz
(b) Sketch the parabola z® = —4(y + 2), showing its vertex and directrix.

(c)

In the diagram above, use the cosine rule to find the possible values of z.

QUESTION FOUR (12 marks) Use a separate writing booklet. Marks

(a) Find:

In 2
@) fo &% d
2 oL
(i) /xz-::-de. :

{b) Consider the arithmetic series
S5-+124 194 .- 4292
(i) How many terms in the series?
(1) Find the sum of the series.

{c) A particle moves in a straight line. At time ¢ seconds, its displacement x metres from
the origin is given by

x = 8t — 2t2.

(i) Sketch the graph of x as a function of &, showing the vertex.

o] []

(ii} Find the distance the particle travels in the first three seconds.

Exam continues overleaf ...
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@ v |
2+
y=1+cosx
O x
Find the shaded area in the diagram above.
QUESTION FIVE (12 marks) Use a separate writing booklet. Marks
(a) Sketch the function y = —2sinz, for 0 < = < 2%, '

" (b) 2]
12

0.9

The sector drawn above has its centre at O. Find the size of angle £, correct to the
nearest degree.

(©)
B

A

In the diagram above, AB || DC and /B = /(D =6.
(i} Prove that AABC = ACDB

(i1) Prove that the quadrilateral ABCD is a parallelogram.

(d) (i) Make z? the subject of y = vz — 1.

{ii) Find the volume formed when the region between the curve ¥y = vV — 1 and the |2
y-axis, from y = 0 to y = 3, is rotated about the y-axis.

) =] [=] (5]

Exam continues next page ...
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QUESTION SIX (12 marks) Use a separate writing booklet. ' Marks

d 1
(a) The derivative of a function is given by ﬁ = T Given that y = —2 when z = 4, - :
T

find y as a function of x.

(b)

B . > C

(i) Find the value of z in the diagram above.

(it) Find 8, correct to the nearest degree.

(c) Iflog,5 =z and log, 2 = y, find log, 400 in terms of = and y.

(] [0] [o][]

(d) (i) Copy and complete the table below for y = V2 + €%, calculating each value
correct to three decimal places.

T 0 1 2

y

(ii) Use Simpson’s rule with three function values to approximate f V2 -t e® dr. [:2:'
0

Give your answer correct to two decimal places.

QUESTION SEVEN (12 marks) Use a separate writing booklet. Marks

(a) Consider the function y = z* ~ 42 4 3.
(i) Find the stationary points and determine their nature.

(ii) The curve has a point of inflexion where the tangent is not horizontal. Find the
coordinates of this point. :

(iii) Sketch the function, showing all stationary points and points of inflexion. :

(b) For what values of k is the quadratic - _
ka? — 226 + K+ 1 ' ' /

positive definite?

Exam continues overleaf ...
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DUESTION EIGHT (12 marks) Use a separate writing booklet. Marks
(2)
v A
2 A

2l

A particle is moving in a straight line with displacement measured from the origin.
The graph drawn above shows the particle’s velocity at time ¢. The particle is initially
at the origin. :

(i) When does the particle return to the origin?

&=

(i1} Draw a graph of the displacement z against the time &£.

{b) The population P of a growing town satisfies the equation
P = Pye*t
where £ is time in years.
The initial population is 22000 and five years later the population is 27 000.
(i) Find Py and k.

][]

(i) When does the population reach 350007 Give your answer correct to three
significant fgures.

()
: yp  y=secx
y=2
3 0 = *
2 >
(1) Find the z coordinate of point A in the diagram above.

(ii} Find the volume formed when the shaded area in the diagram above is rotated
about the = axis.

Exam continues next page ...
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QUESTION NINE (12 marks) Use a separate writing booklet.

(a) A vessel initially contains 100 litres. It is being emptied, and the rate
volume is

A S
dt t4+1
where V is the volume in the vessel in litres after ¢ minutes.

v
(i) What is the initial rate (fi_t 7

(ii) Find how many litres remain in the vessel after five minutes.

of change of

=) [F]

(b) A person borrows $250000 from a bank at a reducible interest rate of 6% per annum,
compounded monthly. The loan is 1o be repaid in equal monthly installments.

Let $M be the monthly payment. Let A, be the amount owing at the end n months

when the nth payment has just been made.
The loan must be paid off after twenty years.
(i) Show that the améunt owing after three months is given by
Az = 250000 x (1-005)2 — M(1 + 1-005 + 1.0052).
(ii) Explain why Az40 = 0. '
- (iii) Find the value of M.

(iv) Suppose now that the person elects to pay $2000 per month instead of the amount

]

(9] (0] []

calculated in part (iii). How much more quickly would the person pay off the loan?

¥Exam continues overleaf ...
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QUESTION TEN (12 marks) Use a separate writing booklet. ’ Marks

{a) (i) Show that the graph of y = z% is concave down for all values of © except for - ‘
Tz =10. -

2 T
i s«
(i) Solvezs < > 7
(b)

Buildi

WO

=

< Im>S M

The diagram above shows an extension ladder LA of variable length £. The ladder
leans against the wall of a building. It also touches the top of the fence ST, which is .
2 metres high and stands 1 metre from the wall.

Let & be the angle between the ladder and the horizontal ground.

: 2 1 o -
— -+ .
(i) Show that ¢ 5nd | cosd’
(ii) Show that the stationary point of the graph of £ occurs when tané = v/2.

(iii) For safety reasons, # must lie between 55° and 70°. Find the minimum length
of £. Justify your answer.

END OF EXAMINATION
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