






SGHS Extension I THSC 2008 Solutions

Question 1:

1t

a) Solve for x rf -- . <2
'  x-  t

Solution:
t  

- t2 
i  

' \23x.(x-r ,  <2.1t-r)  .  ,+ l
x-1' I  I

. . 3x(x - 1) <2Qc-l)'z

or 2(.r - 1)'z > 3x(x - l)

.' .2(x -l)z - 3x(.r - 1) > 0

. '  .(x -t)(zx -z - 3-r) > o

. . (x-1)(-x-2)>0

or (x-1)(x+2)<0

..-2<x<l

b) Find the exact value ot 
t!u'' 

'*'

Solution:
I  r l
| -t . I f ^ -f .dx'  jxe-" .dx = -;  J-zxe

o -0

I  f  -* ' l '- 
2L" lo

l  r  - , ,10=-l  e I
2L Jr

=l;1-,- '1=f[r-! l
2tr2le)

t3l

t2l

c) Find f 1',"-'"1;)
t2l

Solution:
dt  - ,Tt  I  I
.....--lsln vr l=----i:---:
dx\ I  2^Jx , l l -  x

1

2^,lx(1- x)

d) If A is the point (3,-2) and B is (-3,1) frnd the point P that divides AB extemally
in the ratio 2: 1.

t2l
Solution:

.  (  n, t ,+k,x,  k,y"+kry, \
P(x,Y) =l -L-:J,:Y:-,  -  |

\  / { t  +rc2 Kt+Kz )

(21-r ; - r1r ;  2( ' )  - ' ( -2))=[  
, r  '  2- t  )

( -a- t  z+z\
\  1 r)

= (-e,4)

e) If the limiting sum of a geometric progression is 5 and the first tenn is 3, find the
common ratio.

t3l
Solution:

. (=4

t - r
1

5= -
l - r

5-5r=3
t-<.

2
5

Question 2:

a) Sketch the curve y =3sin-t 2x t2l
Solution: v



ls ind+2cosd
b) If 2tan0 =3 and 0 is acute, find the exact value of "

sec d -cosecd
t3l

/  e \  ( ' t \
. l  

-  
|  

^ l

I ' .q!g!q_ \Jr3l \Jr3i
sec d - cosecd Jt3 _Jt3

z)

94
-+-

E; ' I::
VtJ \ r lJ

3V13 2413
66

13 Jn
=-:-=l l

Jt36-

c) Theroots of x3 -3x'+6x-5=0 are a,B and I.  Find thevalue of

i )  (a+1)+(B+1)+(y+t) t2l

h
Solut ion:  a+P+y=-:  =3

a

.  .  (a +r)  + (P +t)+(r+1) = 3+3 = 6

i i )  (a+t)(B+t)(7+t)  t4
Solution:

aB+Py+ya=9=6
a

^daPY= -=)
a

(a +t)(0 +t)(r +r) = aP" + aB + py + ya + a + B + y +r
=5+6+3+1=15

e) In the diagram, DA is extended to F and EC
bisects IBCD . Prove that AE bisects IFAB

Solution:
ZECD = ZEAF (exterior angle of cyclic quad)

IECB = IEAB (angles on the same arc)

Since IECB = IECD (given), IEAB = ZEAF
. . AEbisects ZFAB

Question 3:

a) Find the constant term in the expansio" [A - 4)'''  (x 3)

Solution:

, r l tz- '4.zY
U,,t="C,a^- 'b '="C,11l  I  -+ |

\x/  \ .  3/

The x coefficient is x'-12 xz' = xt'-t' , so .x = 4

, ,  t2n(z\ ' (  t ' \ "  495x256 l4o8o
'  - \ r / l  3)  8 l  e

b) Find the value of t if iJt + r * =t:
0"

Solution:
r  , , f l

Iz(r+x\"  I  r+
lal i
Llo

f  -  .  v1k

l ( t  +x)".1. = z

. . . ( r+t)% -t=t

( t+ir)% =t
l+k=4 -+ k=3

t3l

t3l



c) Given that x =2 is an approximation to x3 -9 = 0 , use one application of
Newton's Method to find a better approximation.

Solution:

,, = r^- IG)-
f '(x")

.f (*) = r' -g -+ f (2) =8-9 = -l

f ' (x)=3x'  + f ' (2)=12

, ,=z_ fe) _z_:!=z!
f '(t) 12 t2

d) Use induction to show that: I x 3 x 5 x .......x (zn-D =%.

Solut ion:
atn=I,LHS =7

nrrS=4:t  =LHS -+ . . .  t rueforz=l
2'

assumetrue for n= k -+ 1 x 3 x 5 x.. . . . . .x Qk-l\  =Q.k)l
2r .k l

prove for n = k +1, i.e.prove I x 3 x 5 x .......x (2k -l)(2k + l) = 
-\?,k,! 

2)1.

zr. ' . ( t  + r)r
f f1S = 1 x 3 x 5 x . . . . . . .x (2k - l)(2k +1)

(2k\ t  ^ .= 
2, k-Qk+l) fusingassumption]

_{zk)t  (zk +r) (  ztc+z\-  Lu 1 \ rk.r)
_Qt ) t  (zt< +t)(zt  +z)

2u.kl  2(k + t1

_ (2k+2) l

zr" . (k +t) t
= nflS

. ' .  i f t ruefor n=k, i t is t ruefor n=k+1 .
Since true for n = 1, it is true for n = 2, then n = 3 and so on for all positive
integral values of n.

t3l

t3l

Question 4:

a) Show that 7" +2 is divisible by three for all positive integral n.

Solution:
at n=1, 7'  +2 =9 =3 x 3, so is true for n = I

assume true for n = k -+ 7r + 2 --iM (M an integer)
proveforn=/c+1
' |k*t+2=7 x7k +2
=7 x (3M -2)+2

=21M -14+2
=21M *r2
=3QM -a)

. ' .  i f  true for n = k, i t  is true for z = k+1.
Since true for n = 1, it is true for n =2, then n = 3 and so on for all positive
integral values of n.

b) Consider the polynomial P(x) = 13 - (k + l)x2 + lq. + 12

i) Find the remainder when P(r) is divided by A(x) = a-3
Solution:

P(3)=27 -9k-9+3k+12
=30 -  6k

ii) Find kif P(x) is divisible by A(x)
Solution:

If P(3) = 0,30-6/' = 0
and/c=5

iii) For this value of t find the zeros of P(x)
Solution:

P(x) -- x1 -6x2 + 5x+l2
:(x-3)(ax'+bx+c) as (x-3) is a factor
= (x - 3)(.r' -3x - 4)
= (x _ 3)(x _ a)(x + 1)

.'. x = -1,3,4

t3l

t2l

t2l

t4



-  - ,1-c) Find l--f ^.7 using the substitution u = 25 + x2
' (25 + x')"

Solution:
le lu =25+ xz ,
.'. du =Zx.dx

,=+ffi=lF'0"
l^-u I=_.2u.+c=f, ;+c

I=_-_:+c

^125 + x'

t3l

Question 5:

r<\
a) A projectile is fired at an angle of t*-' | * | to ihe horizontai with an initial-  \ r2)

velocity of 130ms-' . Using g: 10ms-2 ,

i) Derive the equations for the horizontal and vertical position ofthe
projectile attime t.

ii) Determine the horizontal range of the projectile.
t2l

t3l

Solution:

x=0, y=-10

x=c,,  l=- f i t+r ,

at t -- 0,x = V cos 0, y = V sine

=no(Ul. =nol-1]
\13 /  \13/

=120= cp = 50= cz

. ' .x=120, y=- l0r+50
'  . ' .x :120t+ct ,  y=-5t2 +50t+co

att=0,x=0=c,y=0=co

..x=120t,  y=-5t '+50t
i i )  aty=0,r=0,10

rangeatt=10
sub into x = I 20t and range is 600 metres

b) A rigfut circular cone with vertical angle 60, is
being filled with a liquid. The liquid is being powed
into the cone at atate of incm! .s-, .

i) Show that the volume of the cone is given by

where , is the height of the liquid

.---=\
\V
\ /

. , rht  \  /\ /
e\ /

\7v []J

ii) Find the rate the height of the liquid is increasing when that height is 9 cm

Solution:

i )  v=Lm,h tan3o'=;-+; ;  = i*0,=#

v =L(+) '  (h\=!L
3\J3l ' ' ,  e

rtl

. . ,  dy dv
l l l  -=-'d t  dh

dh dV rh'ano _=_
dtdh3

. dV trh'

dt3

-  z(u)
J

dh

a
dh._ _)
dt

dhl_,
-=-CM,S€C'
dt9



. 
c) Find a general solution to cos2x = sin;r

pl
Solution:

. ' .  1- 2 sinz x = sin .r

. . .2sin,x+sinx- l=0

. .  (zsin x - r)(sin ;r + 1) = 0

. . r inr=1 or s inx=_l
2

/ - \.'. x = nn + (-1)' | ; I o, _(+n + t)
\o, i  t

Note: This may also be answered in degrees .

Question 6:

a) A particle is moving in a straight rine with an initial vel0city of 4gms-t .
At any time /, the accelerati on inms-z is given by 

" 
= _e, . f,lna

i) The distance from its initial position when it stops

t2l
ii) The verocity as which it is traveiling when rt returns to rts initiar

position.

Solution:

x=-3t '+c

att=0,x=49=c

. ' .  x= -3t, +48

x=-t3 +4gt+cz

att-0,x-Q=6,

. ' .x=-t3+48t

at  x = q,3q-;z +16) = 0+t = 4
at t = 4,x = -t + 4g x 4 =l}g Distance is lZgm
at x = 0,_t3 + 48t = 0 _> t = 

^148 = 4Jj

ar t = 4,8,v = -l(al1)' + 48 = -96 Velocity is -96ms-l

t2l

b) A particle moving on a hodzontal line has a velocity v(ms-t) , given by
v'z=64+24x-4x2

i) Prove the particle moves in simple harmonic motlon

ii) Find the centre of motion

iii) Write down the period and amplitude

pl
iv) If initially, the particle is at the cenhe of motion and is moving to ttre tert,

write down an expression for the displacement as a firnction of time.

ttl

trl

tll
Solution:

i l  !v '1 =32+l\x-2x'
L

"  d(v ' )
, = 

alZ )= 
t2 - 4x = -ae -3) which is the form of SHM

iD At;  =() , ;c=3

i i i )  n '? =4-+, =2,. ' .7 =4 = o'2

At v = 0,4x2 - 24x - 64 = 0 -+4(.r _ g)(x+2) = 0
Particle moves from -2 to 8, so amplitude is 5

iv)  x=3-5sin2/

c) i) Write the expression .6cosd+sindinthe form Rcos(g-a)

ii) Hence or otherwise solve .6cos d + sin d = l, for 0, ( e < 360" .

Solution:
i )  Rcos(d-a)=R(cosdcosa+sindsina)

r6cosd+sind: z({*"e.}r inal ,  . .  R=2, 0 =r
12 6

.  (  - \.  .  Rcos(e-a) = 2cosl e -  )  |
\  o, i

i iy zcos( e - l l  =' 
-.o.fB-z) 

= 1
\  6/  \  6/  2

e-+=+,1!-  
-  

e=' .1r '
6 3'3 2 '6

tll

t2l



Question 7:

a) The maximum charge of a battery that requires recharging is l2 volts. After I
minute on the recharger, the charge is measured as 6 volts and after a further
minute the charge has risen to 8 volts. Assuming the rate of increase of the charge

is  given by != 4tz-27,)l

i )  Show this equivalentto Q=12- Ae-h

t2t

ii) Find the value ofthe charge on the battery at the time it is placed on the
recharger.

t2l

iii) Find the exact value ofthe battery after it has been on the recharger
for 3 minutes.

tjl
Solution:

i )  Q=12- Ae-- '

9= *(eu- ' \
dt

and since,4e-r' = 12 - Q, ! = ngz- 91

i i )  Q =12- Ae-k'

^t t=1,8=6 
-+ . ' .6=12-Ae-k andAe-r =6

att=2,Q=8 -+ . ' .8=12-Aeak andAe-2k =4

Equating for A, 6ek =4e21 -+ %=3'
Since I  =6er,  A=6(%)=9 and Q=12-9"-n

At t=0,Q=12-9eo =3

i i i )  At t=3,Q=12-9e-3k

=t2-e(e-k) '

Jrnce e- = th,e = /3

and,Q=tz-9(/ , ) '=9%

or A=6ek

or A=4e2k

b) The points P(2ap,apz) and Q(2aq,aqz) lie on the parabola
passes through the point (4a,0)

x' = 4ay If PQ

i) Show that pq =2(p+q)

ii) Find the locus of M, the midpoint of PQ.

Solution:

i \  m. =aP'-aq'  =a(P-q)(P+q) -p+q
2ap-2aq 2a(p-S) 2

. . Eqn PQ is y - ap' = P !^q 
Q -zap)

2

,  (p+q\ .  (o+o\
y -.p- = 

\; ), 
- 

"0' 
- apq -+ t =\-t' 

)x 
- aw

at (4a,0), o =( o!^,\o' - apq -+ pq = 2(p + q\' t ) l \ - /
ii) Midpoint PQ is a(p + q), 

|(n' 
* a'\

Let x = a(p + q), t  = 
l(n, 

* o,)

t2l

t3l

x-= p+q 
-  

4=z@+a), ; . -= pQ
a

writey as y = 
i{@ 

* d' - z or}

. . ,  =4( ! \ '  -2(2,-) l"- ' i [ ;J -"1;)l
olt '  a" l
2 lo '  a )
,2

: - : - -2x
2a

:-zaY = xz -4ax

or2ay+4a2 = x2 -4ax+4a2 -+(x-2a) '  =za(y+2a)


