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Question 1 (Begin a new page)

(a) (i) Show that  1
ex –1

= e –x

1 –e –x
 .

(ii) Hence find  
1

ex –1
dx .

(b) Find  
x

1 + x
dx  using the substitution  u = 1 + x.

(c) Use partial fractions to find  
x2 + x –4

(2x + 1)(x2 + 4)
dx

(d) (i) Use integration by parts to find  tan–1x dx .

(ii) Hence find  x tan–1(x2) dx .

(e) (i) Find  
dx

x2 + 2x + 10

(ii) Use the result  a

b
f (x) dx = a

b
f (a + b –x) dx to evaluate the integral

0


x cos 2x dx.

Question 2 (Begin a new page)

(a) Given   w = 2 + 5i , z = 4 –3i and u = a + bi,  evaluate:

(i) w + z

(ii) w + z 

(iii) (w + z )(w + z)

(iv) If  w (9 –8i)
u

 is a real number,

() show that a = 2b,

() hence find u if u = 5.
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Question 2 (continued)

(b) A, B are the points representing the 
complex numbers  
z1 = 13 + 11i and z2 = 10 + 8i
respectively. Find the complex number 
that is represented by the point C where A, 
B and C are adjacent vertices of a regular 
hexagon.

(c) (i) Express  z = 1 + i
3 + i

 in the form of  

r cis .

(ii) Find the smallest positive integer n 
such that  zn  is a purely imaginary number.

Question 3 (Begin a new page)

(a) The diagram shows the graph of the 

function  f (x) = x –4
x –3

.  On separate 

diagrams, sketch the following 
graphs, showing clearly any 
intercepts on the axes and the 
equations of the asymptotes.

(i) y = f ( –x)

(ii) y = f (x) 

(iii) y = f ( x )

(iv) y = e f (x)   and

(v) y = f (x)

(b) The line  y = mx through the origin O (0, 0) touches the curve  y = x –4
x –3

  at point  

P (x1, y1)  .

(i) By considering the gradient of the line OP, show that
x1

2 –8x1 + 12 = 0
Question 3b continued on p.3…
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Question 3b (continued)

(ii) Hence find the equation of the two tangents to  y = x –4
x –3

 from the origin.

(c) (i) Sketch the region in the complex plane for which  z –5 –12i3 .

(ii) Find the maximum modulus of the complex number z that satisfies  
z –5 –12i3 .

Question 4 (Begin a new page)

(a) Given the equation of an ellipse is  E : x2

a2 + y2

b2 = 1.

(i) Show that if the line y = mx + c  is a tangent to E, then  c2 = a2 m2 + b2 .

(ii) Show that if the line   y = mx + c  is a tangent to the circle  x2 + y2 = r2,  then  

c2 = r2 m2 + r2.

(iii) Hence or otherwise, find the equations of the common tangents to the ellipse  
x2

6
+ y2

3
= 1  and the circle  2x2 + 2y2 = 9.

(b) P



cp, c

p 


and  Q




cq, c

q 


  are two points on 

the rectangular hyperbola xy = c2. The chord PQ
meets the asymptotes at L and M.

(i) Show that the equation of the chord PQ is  
x + pqy = c(p + q).

(ii) Prove that PL = QM.

(iii) A tangent to the parabola  x2 = 4y  meets the 
hyperbola  xy = 9 at two points P and Q.

()  show that  1 + 3pq(p + q) = 0 .

()  Hence show that the equation of the locus 
of N, the mid-point of PQ, is  2x2 + y = 0 .

Marks

2

2

2

2

1

3

1

3

2

3

y

x

P

L

M
Q

y

x

P

Q



CTHS EXT 2 Math AP4 2007 Page 4 of 7

y = e –x2

y

x

L

O

x = ln N

Question 5 (Begin a new page)

(a) The equation  x3 –x2 + 3x + 4 = 0  has roots  , and .

(i) Find the values of  2 + 2 + 2  and hence deduce that two of the roots must 
be complex.

(ii) Find the monic polynomial equation with roots  2, 2, and 2.

(b) (i) Show that if  x =  is a repeated root of the polynomial equation  P(x) = 0,
then it must also be a root of  P ' (x) = 0.

(ii) The hyperbola  xy = c2  touches the ellipse  (x –1)2

6
+ y2 = 1  at point Q which 

lies in the 3rd quadrant. Deduce that the equation  x4 –2x3 –5x2 + 6c4 = 0  has 
a negative repeated root  .

(iii) Hence determine the values of   and c4.

(c) (i) By using the identity  cos 5= 16 cos5 –20 cos3 + 5 cos , show that the 

roots of the equation  16x5 –20x3 + 5x –1 = 0  are  x = cos 2r
5

, r = 0, 1, 2, 

3, 4.

(ii) Hence show that  cos 
5

cos 2
5

= 1
4

 .

Question 6 (Begin a new page)

(a) (i) Find  x e –x2

dx  using the substitution   u = x2 .

(ii) The region bounded between the curve  y = e –x2
 , the x-axis, the y-axis and the 

line  L:  x = loge N  is rotated 
about the y-axis. Show that 
the volume of the solid 
formed is  





1 –






1
N 




ln N




 by 

using the cylindrical shell
method.
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Question 6 (continued)

(iii) Hence find the volume of the largest solid possible by sliding the line L indefinitely 
towards the right.

(b)

The solid shown above is formed in the shape of 2 identical intersecting semi-circular cylinders, 
each of radius 4. The base of the solid is a square of sides 8 cm. On the front face, the equation 
of the semi-circle is   x2 + z2 = 16, z 0 , where x is the horizontal distance measured from 
the mid-point of the base of the front face and z is the height.

The shape of a horizontal slice of thickness  z  taken at a height z is also shown above. It is a 
square with 4 smaller squares removed, one from each corner.

(i) Find x in terms of z.

(ii) Show that the volume of the solid is given by the expression

V = 0

4
{82 –4[4 – 16 –z2 ]2} dz

(iii) Hence find the volume of the solid.

Question 7 (Begin a new page)

(a) The air resistance encountered by a body of mass m moving at a speed v is given by kmgv
where m is the mass of the body, g is the acceleration due to gravity and k is a constant.

(i) Find the terminal velocity  VT .

(ii) The body is projected vertically upward with an initial speed of U, show that the 

maximum height reached will be given by   H = U
gk

– 1
gk2 ln (1 + kU)  .

Question 7a continued on p.6…
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Question 7a (continued)

(iii) Show that, if the initial speed of projection is  VT ,  then the time taken to reach 

the maximum height is  T = VT

g
ln 2 .

(b) A body of mass m is projected vertically downward with a speed  1
3

VT ,  where  VT  is 

the terminal velocity, in a resistive medium. The resistance is  mkv2 ,  where k is a 
constant and v is the speed of the body t seconds after being projected. Show that it 

takes  VT

2g
ln 3

2
seconds to reach a speed of  1

2
VT .

(c) The gravitational force exerted by the earth on a body of mass m at a distance x

(x R )  from its centre is given by  mk
x2 ,  where R is the radius of the earth and k is a 

constant.

(i) Show that  k = gR2 .

(ii) A body is projected vertically upward with an initial speed U. Show that the speed 
of the body when it is at a distance x from the centre of the earth is given by   

v2 = U 2 + 2gR 2






1
x

–1
R 


.

Question 8 (Begin a new page)

(a) A sequence of number  { un } is defined by   u1 = 1 , u2 = 5 and  
un + 2 = 5 un + 1 –6 un n 1

Use mathematical induction to show that  un = 3n –2n n 1

(b) Show that  





 


2

)12(
cos

2
cos

2
sin2

1
sin....2sinsin




 n
n .

[You may assume the identity  2 sin A sin B = cos (A –B) – cos (A + B)  ]
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y

x1

y = ln x

n-1 n n+1

Question 8 (continued)

(c) P is a point on the minor arc AB. L, M and N are 
the feet of perpendiculars from P to CA, AB and 
BC respectively.

(i) Copy the diagram.

(ii) State the reason why P, M, A and L are 
concyclic.

(iii) State the reason why P, B, N and M are 
concyclic.

(iv) Show that L, M and N are collinear.

(d)

(i) By considering the appropriate area under the graph of  y = loge x ,  show that 

loge n < n

n + 1
loge x dx < loge (n + 1) n 1

(ii) Hence, show that   1 + 1
n

< e
1
n <




1 + 1

n 




n + 1
n
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