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General Instructions 
• Reading time- 5 minutes 
• Working time- 3 hours 
• Write using black or blue pen 
• Board- approved calculators may 

be used 
• A table. of standard integrals is 

provided at the back of this paper 
• All necessary working should be 

shown in every question 

Total marks -120 
Attempt Questions 1 - 8 
All questions are of equal value 
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Total marks~120 
Attempt all 8 questions 
All questions are of equal value 
Answer each question on a separate piece of paper clearly marked Question 1, Question 2, etc. 
Each piece of paper should show your name. 

Question 1 (15 Ma:i·ks) Use a separate piece of paper 

(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

Find 

Find 

I x' 
x2+1dx 

f X dx 
.Jl-x 

" 
' Evaluate Jsec4 xtan3 x dx 
0 

. . J 1-sinx sinx-1 
Show by Integration that ~ =---+ c 

COS X COSX 

Using the substitution t =tan.= or otherwise, evaluate 
2 

Use integration by parts to find Jsin-1 x dx 
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Question 2 (15 Marks) Use a separate piece of paper 

(a) Given that z = 2- i and w = 3- 4i express in the fonn x+iy 

(i) z2 

(ii) ~ 
z 

(iii)~ 
i 

(b) Giventl1at z=(.J3-l)+(.J3+l)i 

(i) Express z in modulus -argument form 

(ii) Express z4 in modulus -argument form 

(iii) Express z4 in the form a + hi 

(c) Given that z 5 = i 

(d) 

(e) 

(i) Solve for z and sketch your solution on an Argand diagram. 

Sketch the region·in the Argand plane where lz-l-2il S 2 

and 0 S arg(z -1) S!!.. hold simultaneously 
2 

·n; 
Given that lzl = 1 and that 0 S arg z S-. Show that 2arg(z+ I)= arg z 

2 
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Question 3 (15 Marks) Use a separate piece of paper 

(x-3)' (y-2)' 
(a) The ellipse£ given by the equation ---+---=1 

25 9 

(i) Find the eccentricity of £" 

(ii) Find the coordinates of the foci S,S'and the equation of the directrices 

(iii) Find the points of intersection with the coordinate axes. 

(iv) Sketch the ellipse showing all important features 

' ' (b) The hyperbola 7f is given by the equation \- y
1 

= 1 it has fod Sands· 
a b 

(i) Show that the equation of the tangent Tto Tf at P (a sec fJ,btanB) 

. sece tanfJ 
IS --X- --y=l 

a . b 

(ii) Find G the point of intersection between the tangent and the x-axis. 

( ... ) Sh th PS GS Ill OW at-=-
PS' GS' 
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Question 4 (15 Marks) Use a separate piece of paper 

(a) A lOOgm bullet is fired vertically into the air from the ground with an initial velocity of 

1200m/s. The bullet is subject to air resistance of mv newtons in the opposite direction 
g 

to the motion. The bullet is also subject to a downwards gravitational force of mg newtons. 

Assume g =10m/ s2 

(i) Find an expression for the equation of motion. ( ; in terms of v) 

(ii) Find the time taken to reach maximum height 

(iiO Find the maximum height. 

(iv) After reaching maximum height the bullet returns to the ground. 

Find the terminal velocity. 

(b) A train of mass 20 tonnes is rounding a curve of radius 200m at a speed of 72klh. 

(i) Find the horizontal thrust on the outer wheels of the train. Assume g = 1 Oms-2 

(ii) At what angle should the track be angled to eliminate this thrust, 

(iii) Representing the train by a point mass M draw a diagram to represent ali forces 

in part (ii) if the train is travelling at less than 72k!h. 

(iv) The train now rounds the angled track at 36klh find the thrust on the inner wheels 

(c) A particle of mass m is connected to a fixed point 0 by a light inextensible string of 

length I. The particle describes a horizontal circle of radius r whose centre is vertically 

below 0 with velocity v. If the semi vertical angle is a, resolve forces vertically 

and horizontally to show that 

v=..}lgsinatana 

0 

1----r~m 

1 

2 

2 

1 

2 

2 

1 

2 

2 
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Marks 

Question 5 (15 Marks) Use a separate piece of paper 

(a) The diagram below represents a solid block of height 8cm, the base is lOcm by ?em 

the top has dimensions 2cm by 3cm. The planes containing the base and the top are parallel. 

By taking slices parallel to the base determine the volume of the pyramid. 3 

8cm 

LA 
' Zcm \ > 

7on 

10cm 

(b) The region between the curves y= - 1- andy=-1- and theY axis 
x+1 x-5 

and the line x = 2 is rotated about the line x = 2. 

y 

y=_1 
x-5 

X 

(i) Using the method of cylindrical sheils find the volume OV of a representative shell 2 

(ii)Find the volume of the resulting solid. 3 
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Marks 

Question 5 continued. 

' ' (c) The base of a certain solid is the ellipse ~ + L = 1 . Each plane section of this solid cut out 
25 16 

by a plane perpendicular to they-axis is an equilateral triangle with one side in the ellipse. 

Find the volume of this solid. 

A\ 

~y 
/ /1 /)\'\ 

-5\, / / '\ ) 5 
-..._; ..,.r ~v 

~------L ____ _________ 

/ 
// -4 

(d) The point P(p)-) lies on the rectangular hyperbola xy= 1. 
p 

(i) Find the equatioll of the normal from P. 

3 

X 

2 

(ii) The normal intersects the hyperbola at Q. Find the coordinates of Q in terms of p. 2 
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Question 6 (15 Marks) Use a separate piece of paper 

(a) The cubic equation 2x3 -9x2 +14x-5 = 0 contains the root 2+i 

Stating all necessary assumptions find all factors with real coefficients 

of the cubic. 

(b) (i) The polynomial P(x) has a root of multiplicity m prove that p'(x) has the same 

root, of multiplicity m -1. 

(ii) The polynomial P(x) = ax3 +bx2 +cx+d = 0 has a double root a. 

Show that if a is real b2 ~ 3ac 

(iii) Show also that a = c±~ 
b 

(c) The ellipse 9y2 + x 2
- 3xy = 6 is known to have only two stationary points. 

Verify that the these point occur when x = ±fi 

(d) The fibonacci sequence 1, 1, 2, 3, 5, 8, ..... 

May be defined as ! 1 = ! 2 =I and t, = t,_1 + t,_2 

Prove by Mathematical Induction that 

t ~a"- {3" " ----:rs- where 
a~1+J5,f3~1--/5 

2 2 
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Question 7. (15 Marks) Use a separate piece of paper 

p 

Marks 

(a) In the circle above SPQR is a cyclic quadrilateral. The diagonals PR and SQ are perpendicular 

meeting at X. The line from the midpoint M ofSR through X meets PQ at B. 

Prove that MB is perpendicular to QP. 

(b) ' I = J x"-./1-xdx 
" • 

(i) Show that In = ~ /n-1 
2n+3 

' (ii) Hence evaluate Jx3~ dx, 

(iii) Show that Jn 

• 
n!(n+l)!4n+l 
(2n+3)! 

(c) In a raffle there are 100 tickets each with three digits, numbered from 001 to I 00. 

Four tickets are drawn for four prizes. 

4 

2 

2 

3 

(i) What is the probability that the first ticket drawn contains a repeated digit. 1 

(ii) What is the probability that the first ticket does not contain the digit 7. 

(iii) Find the probability that the four winning tickets are drawn with the tickets 

in ascending order. 
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Question 8. (15 Marks) Use a separate piece of paper 

(a) Let x=cos
2
Jr+isin

2
Jr andh=x+.!,b::::.O 

5 5 X 

(b) 

(i) Showthat x4 +x3 +x2 +x+I=O 

(ii) Use part (i) to show that b2 + b -1 = 0 

(iii) Show that x2 
- bx +I = 0 and hence that 

(iv) Hence show that 

' I (i) Evaluate J-=-t.ix 
,x 

y 

cos 2" = -1+-/5 5 --
4 

~ 
1 l.S 2 

X=b+i~ 
2 

(ii) Considering the upper and lower rectangles of width 0.5 show that 

7 ' I 5 
- "' J-dx"' -
12 I X 6 

,+] 1 

"' J- dx"' , x n 
(iii) Explain why 

n+l 

(iv) Hence deduce that (l+..!_)n ::;: e ::;: (l+..!.y+t 
n n 

(c) In how many ways can the letters of the word MMAA TTHH be arranged 

(i) Without restriction 

(ii) With at least one pair of repeated letters together 

(iii) With no pair of repeated letters together. 

END OF PAPER 
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