Total marks — 120 .
Attempt Questions 1-8 K“)J LO0k  Mily Exfy

All questions are of equal value ey

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Marks
Question 1 (15 marks) Use a SEPARATE writing booklet.
. . i 1 N b . c 3
(@ (i) Finda, b c1 ot 1): = 21 —_(x+1)7
dx )
i) Find [
@ F x(x + 1y

; 3ox , 3
(b) Evaluate f ——=dx
va-x*

. 1 1 1

0

1 1 1 ) _ (3 \ 3
n —_— R dx _.‘[2-]“ ‘\/2 +]J'
(i) Show that ﬁ H\J—Z‘ e \/.;. =

2
. . 2 4 3
(iif) Use completion of square to evaluate } e dt
- o | | de )
(d)  Use the substitution 1= tan-> toeva uate —

2 g cosx+ sin x

End of Question 1

Question 2 (15 marks) Use a SEPARATE writing booklet. Marks
(@) (i) If x*+) =1, show that g?l:;{, y#0 1
dx y
0) ,
A
1Yy
/| P
———— —Px
o x1 X

B [T
In the diagram, the length, /, of the arc PQis given by = I\[I +(—3‘E) dx
|

Use this result to prove that the length of the arc of the circle x° + 3° =1 between

s
L) = ,
22

® G flx) ) and  f(x) existfor asx<h

the points (0,1) and

Show that
O [r)a= [riars-x)ar )
) [xr"C)ae=br6)- 1) a)- 11a) 3

() Let z=1-i and w=-3+3

() Find Y intheform x+iy 1
V4

(i) Find arg {z+w) 2

Question 2 continues next page



Question 2 (continued)

Marks

(d)

»

In the Argand diagram, AOAB is isosceles and right angled at 4.

the complex number &
(i) What complex number corresponds to the vertex 4?7

(i) What complex number corresponds to the vertex B?

ol

N —

(iii) Show that the area of AOAB is -

End of Question 2

-
AB represents

Question 3 (15 marks) Use a SEPARATE writing booklet. Marks
(a) Consider (x+iy) =i, x,y real
() Show that [x+i] =1 1
(ii) Solve the equation (x+ iy} =i 3
(b) z isany complex number such that lz - l| =1
(i)  Sketch the locus of z in the Argand diagram. i
1
(i1) Hence, or otherwise, show that ]zl + |z - 2| =2 2
1
(iii) If z were not on the locus in (i) would the result in (i) still be true?
; Give areason for your answer. 1
(iv) IfO0<argz< % , find the value of arg(z—_—z—] 2
z
(c) a,pB,y are theroots of x* +x-1=0.
Find the values of
W 2+p+y 2
i) a+p+y 2
and (iii) write down an equation with roots —g—,-g—,z’: 1

End of Question 3



Question 4 (15 marks) Use a SEPARATE wrriting booklet.

Marks

(a)

A particle of mass m kg is attached to one end of a light string at B. The other end
of the string 1s fixed at a point A. The particle rotates in a horizontal circle of
radius r metres at g rad/s, the centre O of the circle being directly below A.

The forces acting on the particle are the tension in the string T and the
gravitational force mg.

Let £B4O0 =6

(i) Show that Tsin@=mg’r

(i) Prove that 6 = tan™(gr)

(iii) Prove that T = mg/l+g%r

Question 4 continues next page

Question 4 (continved) Marks
. . 2 3 " X(] _X.) ,
(b) Aistheseries x+x"+x +...+x =-——-l—-——--, ]x]<] and
-x
B is the series 1+2x+3x" +...+ nx"”", M <l
_ ] el
(1)  Deduce that the sum of series B is M;_nx__ p
(1-x)
{DO NOT USE INDUCTION]
(i1)  Prove the resulit in (i) by induction, n 21 4
(iii)  The limiting sum of series A is 1. Find the limiting sum of series B. 3

End of Question 4



Question 5 (15 marks) Use a SEPARATE writing booklet. Marks
. 1 = I
(a) Consider the function f(x) = 5 X —1- ln(x-l- N --l))
(i)  Find the domain of f . 2
(i) Show that f(x)=vx =1 3
(1iz) Sketch the function. 1
(b) (i)  Sketch the hyperbola x* ~y* =1, showing its foci, directrices and
asymptotes. 3
(ii) A particular solid has as its base the region bounded by the hyperbola
x*—y* =1 and the line x =2. Cross-seclions perpendicular to this base and
the x axis are sermi-circles whose diameters are in the base.
Find the volume of this solid. 4
(iii) Show that the area of the base of the solid in (i) is 2+/3 ~In{2-+ JSI) 2

End of Question 5§

Question 6 (15 marks) Use a SEPARATE writing booklet. Marrks

(®)

P(x b ———

— Axpyy)
/ e

rC x
K 0

B(xz.y:)

v

P(x,y) is any point on the circle, centre C. A(x;,») and B(x2,y;) are the end points
of a diameter of the circle.

Show that the equation of the circle is (x=x Yo - x )+ (y- wy- ¥,)=0 2

2 2
A(a,0) and A'(~a,o0) are the vertices of the hyperbola %——%1—= 1,a>0

Plasec8, btan ) is any point on the hyperbola, P 4 or A.

The tangent at P meets the tangents at 4, A" at Q, R respectively.

. . secf tané
(i) Prove that the equation of the tangentat P is ——x——~ y=1 3
a

(ii) Find the coordinates of Q and R.

(iii) Prove that the circle with QR asa diameter passes through the two foci of
the hyperbola.

Question 6 continues next page



Question 6 (continued)

Marks Question 7 (15 marks) Use a SEPARATE writing booklet. Marks

A
,4//‘{ ~

B R ¢

In the diagram, BQ bisects Z4FC and P is the point on BQ so that 4P = AQ .

Prove that BA is a tangent to the circle through the points A, R and C.

End of Question 6

(a)

(b)

The region bounded by the curve y = 2fx and the line ¥ =x is revolved about
the line y=x.

Let P‘(r,Z\/;) beapointon y= 2/x ,0<x<4.

By considering slices through P perpendicular to the line y = x, find the volume
of the solid of revolution. 5

A particle of mass M moves in a straight line with velocity v under the action of
. M’ 2 .
two propelling forces —— and Mk’v, u, k positive constants.
v

u? + k!
()  Show that the acceleration equation of motion is ~——-— 1
v

(i)  Show that the distance travelled by the particle in increasing its velocity
from % 1o 2u is —‘%— 1-tan™ 1 k 5
k k k 3

Question 7 continues next page



Question 7 (continued) Marks Question & (15 marks) Use a SEPARATE writing booklet. Marks

(¢) (i) x*+Ax+B=0 hasinteger coefficients. If a+ ‘/,E isaroot, a, f#, UL
. . . (a) (i) Giventhat ¢" =1+x+—+=+ ... ... when expressed as an infinite
rational, #2 0, show that @~/ isalso aroot. 1 2
R lim x" 3
series, show that —1=0, n=0,1,2,3,... 1
. x—eole)
(i)  f(x)=x*-4x* -4x" +16x+16 =0 is known 1o have only real roots.
Further, it is also known that there is at least one double root.
Express f (x) as a product of factors with integer coefficients. 3 (i) Let u, = I;"e" dt,n=0,123,...
¢
Show that u, =nu, ,—x"e™*, n21 2

End of Question 7

l. x
i) Let fla)= j'z'e" di = It"e"‘ dt, n=0,1,2,3,...
X0 ;

Deduce that f(n)=n! 2

{iv) Evaluate Jr’e":! dt 2

[

Question 8 continues next page



Question 8 (continued)

Marks

a constant

sin 8 ]_ sinQ

(b) Show that -d— =—3 s
dé sin’(6+a)

sin(@+a)

(©) / /’\

1

In the diagram, ABCD is a fixed parallelogram where 4B =a and BC= b. LDAB=a.

A variable line through C meets AB produced at P and 4D produced at Q.

Let LBPC=0,0<0<rn—a

(i) Show that the area of A4PQ is givenby

2 -
{ a'sinf b sm(9+cr)+2“b)

1
A 9 = - 1 [ a
(6)=7sina sin(6+a) siné

2

(i) Show thatas 60, A(6)— e

. a
(iii) Prove that the minimum arca of A4PQ occurs when cot@ = 3 coseca - cot &

(iv) Draw a diagram to show clearly the position of the side PQ for which the area
of AAPQ is a minimum. Include on your diagram the parallelogram ABCD .

End of Examination



