
srART A NEW BOOKLET FOR QUESTIONS I - 4
Question I (15 marks) Start aNEW page.

(a) Let z: I * 2i and w:3 *i. Find --l- in the form x + iy.
Z1/V

1 ,

O) (i) Express 1(-f +;.,6) inmodulus-argumentfonn.

(ii) Henceexpress !(-r*;16)* inthe formx+iy.
1 6 \  /

(c) Sketch the region in the Argand plane where the inequalities

L < ure(, - i\ <+ and lz - il< z
4 ' 4  

1

both hold simultaneously.

(d) The origin 0 and the points A, B and C representing the complex

, 1 1numbers z, : and z +: respectively are joined to form a
7 7

quadrilateral. Write down the condition or conditions forz so that the
quadrilateral OABC will be

(i) a rhombus,

(ii) a square.

(e) (i) Write down the six complex sixth roots of unity in
modulus-argument form. Sketch the roots on an Argand diagram
and explain why they form a regular hexagon.

(ii) Factorise zu -1 completely into real factors.

Question 2 (15 marks) Start aNEW page.
(a) Evaluate:

t
a-

(i) Jn6 cos0sin' e de.

r

(ii) l** (r"t u' = r).
J o  l + x

(iii) Use the substitution / = turr{ to evaluate
)

Marks

2

2

2

I

1

2

2

Marks

4ff2-cos x+2sinx
dx.



(b) Given that I,

( i)  Prove that I,+n(n-l)I

(ii) Evaluate

Question 3 (15 marks) Start a NEW page.
(a) Given the equation x' + ry * y' =12

( i )  Show that  L- -0+2x)
dx x+Zy

(ii) Deduce that vertical tangents exist at (+,*Z) and (-4,2) and

horizontal tangents exist at (2,-+) ana (-2,+).

(iii) Show that the curve is symmetrical abouty :.r

(iv) Sketch the curve showing these tangents and the intercepts on the
coordinate axes.

(b) Give a sketch ofthe curve y =+,for / > -1. Indicate onyour'  
l + t '

diagram areas which represent log(1+ x)

(i) for .r 2 0

( i i )  f o r  -1<x<0

and hence show that if x > -1,

x

f t '1og(1+ 
*)t* '

Deduce that in n is a positive integer,
I  

.  bg (n+1) - l ogn  <1
n + I  n

(c) Find t*"" d*

= 11 x'sinxdx.
J o

f ; t
l '  x  s tLxax .

J O

/  \ n - l
t * l

, - ,  =' l  *  |
\ z )

Marks



Question 4 (15 marks) Start aNEW page.

(a) Find f9t-!d,,d sln- x

Marks

J

(b) On a certain day high water for a harbour occurs at 5a.m. and low
water at 11.20a.m., the corresponding depths being 30 metres and 10
metres. If the tidal motion is assumed to be simple harmonic prove 1
that, to the nearest minute, the latest time before noon that a ship,
drawing 25 metres, can enter the harbour is 7.06a.m.

(c) A sequence of numbers Tn, fr =1,2,3,... is defined by

T,=2,Tz=0 andTn =2Tn- t*2T*z fo t  n=3,4,5, . . . .  Use Mathemat ica l

Induction to show that T, = (Jt)"-' "o"y , n = 1,2,3, " '

srART A NEW BOOKLET FOR QUESTTONS 5 - 8
Question 5 (15 marks) Start aNEW page. Marks
(a) A solid S is formed by rotating the region bounded by the parabola

y' =16(l-x) and they axis through 360" about the line x=2.

(i) By slicing perpendicular to the axis of rotation, find the exact
volume of S. 

4

(ii) (o) Use the method of cylindrical shells to show that the volume )
of s is also given ay t'too(z- xlJv x ax.

$) Confirm your answer to part (i) by calculating this definite 1
integral using the substitution u =l- x.

(b) Theregion (x-zR)'� +y' <R2 isrotatedaboutthey-axis forming a 6

solid of revolution called a torus.
By summing volumes of cylindrical shells, show that the volume of the

torus is 4tr2 R3 units3.



Question 6 (15 marks) Start aNEW page.

(a) If  a f,  y aretherootsofthecubicequation x3 -px+q=0

find in terms ofp and 4 the value of:

1 1 1
( l)  - ;-r; ;r--;

d,- p- y-

( i i )  a3 +F +yt

(b) If a is a non-real double root of P(x) = xo -4xt +14x2 -20x+25

factorise P(-r) completely into linear factors.

(c) A polynomial P(x) is divided by ,' -a2 where a * 0 and the
remainder ispr * 4. Show that:

p  = * {P (a ) -  P ( -a ) \ and o=l{r@)+r(-a)}

Marks

1

. I

Marks

Find the remainder when the polynomial P(;) = xn -a' is divided by

x' -a' for the cases:

(i) n even

(ii) n odd

Question 7 (15 marks) Start aNEW page.

- 2  , , 2

Let P be a point on the hyperbola 
A-? 

= 1. Let Q be the point of

intersection of the tangent at P with an asymptote of the hyperbola.
From Q perpendiculars QM and QN are drawn to the co-ordinate axes.
Prove that MN passes through P.



(a) If Z represents the complex number x+iy, sketch on the complex

plane Re(Z')r o.

1

O) I f  0<x< y .+provethat :  t f ry<x+y. t l r+y

(c) Prove that if a, B are the roots of the equation t' -Zt + 2 = 0 then:

(x+a\"  _(x+F) ,  
_srnn? where cot l=x+I  4

a- B sin^ 0

Question 8 (15 marks) Start a NEW page.
(a) The graphs of y = f (x) and ! = lI are shown.

Draw a neat sketch of

( t  y '= f (*)

I(1r, l= 
114

Marks



(b)

30 cm

Calculate the volume in terms of n of the frustum of a coneo with radii
of the top and bottom circles being 8 cm and 20 cm respectively.
The height of the frustum is 30 cm.

In the diagram, the two circles intersect at A and B. P is a point on one
circle. PA andPB produced meet the other circle at M and N
respectively. Nl produced meets the first circle at Q. PQ andNM
produced meet at R. The tangent at M to the second circle meets PR at
T.

(i) Copy the diagram. Show that QAMR is a cyclic quadrilateral.

(ii) Show thatTM: TR.
(d) MBC has sides of length a, b, c. If a2 +b2 +c' = ab+bc+cc, show

that MBC is equilateral.

(c)

END OF PAPER
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Question 5

(i) s{ = o(22 -(z- i')ay
N  =  n ( 2 - 2 +  x ) ( 2 + 2 -  x ) d y

E/ = nx(4- x)6y

, = 
Il*r.(+- 

x)ay but

="1:^(,*)[- -'.*)*
="1:^('-+-*).
=z,lw-* *lo,o=*(,

.  y '  t6- y2
x = l - '  o r  x =

16  16

z-60 - 
4a x4 -ol= 256x 

units3
24 256xs )  ls

1 for 6Vcorrect

1 evidence of
the use of a
colrect
substitution for x

I correct
primitive
I correct
substitution

416n
J I O f  -

15
with working



Ouestion 5 continued
(iiXa)

Evidence of

y=4]f i  is
needed for 1

L evidence of
corTect
substitution

1 correct
primitive

L correct
substitution

-256n
ZTOt -

15
with working

R -  r  =  2 -  x +  6 x - 2 +  x
-5x

R + r =  2 - x + 6 x + 2 - x
= 4-2x+ 6x

( n - r ) ( n + r )
o R  = 6 x ( 4 - 2 x + 5 x )

=2(z -  x )6x

av = n(Rz -rz)xzy

=  x x 2 ( 2 -  x ) l x x ? y
= 4n(2-  x )y6x

I-etu =l- x. du= -dx

6v =2x(2-r )x  Zyx6x

1 ' I
v = 4n | (z- *)ya*

J O

but y2 =K(t-  x)
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p r
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J O

p l

=r6nl  ( r -x)J t *ax
J o

(p)
p l
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f 0
= | 

-r6n(r+u)Jia"
J r

e r (  r )
= r 6 n  I  l 6 * u z l a "

J o [  )
l -  r  s l l
t )  )  - l

= l 6 n l  a u 2  + a u z  I

L3 r lo
=rcn(?*?-o)  -256n

\ 3  s  )  1 5



5continued

L equ'n of upper
boundary

L correct definite
integral for V

1 correct
substitution for y

I set up correct
substitution with
new limits

L simplified
integrand

I correct primitive
with correct limits

o = !
2

x = 3 R ,
-18

2
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(x-zR)z ry2 = R2

yz = R2 -(x-2R)2

y=xr ln2  - (x -zR)z

6V =ZrcxxLyx6x
P 3 R
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l 3 R

= |  +nx, lnz -(*- t
J n
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f ;
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'_(zn+ 
Rsing)

J 
-to
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J - o \
z

nz -(*-zn)z
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ii. Produce TMta S.
ZTMR= ZSMN
LSMN = AvIAN'

IMAN = Z?AQ
ZPAQ= ZTEM
Hence rn LTMR,

4 a2  +b2  _2ab=( "_b ) ,

bz. +,c2'-2bc = (O _ ")'

cz  + a2 _2ea=("_ o) ,

:. z{a' + b2 + c' - 7ab + bc + ce} - (o - o)z + (o - r)' + (, - o)'
But a, b, c atepositive real numbers, as they are the lengtbs of tiangle sides.
Hence (a-b), (b-c) and (c- a) arc alsorealnumbers.
:. (a- b)' >0 with equality if and only if a = b, andsimilarly for (D- c)2, (c - a)2 .
Hence i t  a2 +b2 +cz = ab+bc*ca, then (a-b) '+(b-c)2 +(c- a)z =0

' . (a -b)2  =(b-c )2  =(c -  a )z  =0

Hence a=b=c and N4BCisequilateral. 
" 'a=b' b=c and' c=a

rt

ca ̂ ti".1","\

lRluIA= lABN (exterior eqte of cyclic quad""j.. , ABNM is equal to interior
. oppostte angle)

Similaily
L4BN = L4QP incyclic quadrilateralABp2.

Hence quadrilateral QAMRis cyclic.
(exterior angle AQP is equal to interior opposite
angle RI,{/4)

tzl
Then

(vertically opposite angles are equa[)
(angle between tangent and chord drawn to point of contact is equal to angle
subtended by that chord inthe alternate segment)
(vertically opposite angles are equa[)

(exterior angle of cyclic quad QaMRis equal to interior opposite angte)
ZTMR= ITKM and hence TM =TR (sides opposite equal angles are equal) LE


