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Section I 

10 marks 

Attempt Questions 1-10 

Allow about 15 minutes for this section. 

 

Use the multiple-choice answer sheet for Questions 1-10 located at the end of this section. 

1 If 𝑧 = 2 − 5𝑖  find 𝑧−1 expressed with a real denominator 

 

 (A) 1

24
(2 + 5𝑖) 

 

 (B) 1

29
(2 + 5𝑖) 

 

 (C) 1

29
(2 − 5𝑖) 

 

 (D) 1

24
(−2 + 5𝑖) 

 

 

 

   

2 If the line 𝑦 = 𝑚𝑥 + 𝑏 is a tangent to the hyperbola 𝑥𝑦 = 𝑐2, which of the following 

is true? 

 

 (A) 𝑏2 = −4𝑚𝑐2 
 

 (B) 𝑏2 = 4𝑚𝑐2 
 

 (C) 𝑏 = 4𝑚𝑐 
 

 (D) 𝑐2 = 4𝑚𝑏 
 

 

   

3 For a certain function = 𝑓(𝑥) , the function 𝑓(|𝑥|) is represented by: 
 

 (A) A reflection of 𝑦 = 𝑓(𝑥) in the 𝑦 axis 
 

 (B) A reflection of 𝑦 = 𝑓(𝑥) in the 𝑥 axis 
 

 (C) A reflection of 𝑦 = 𝑓(𝑥) in the x axis for 𝑦 ≥ 0 
 

 (D) A reflection of 𝑦 = 𝑓(𝑥) in the y axis for 𝑥 ≥ 0 
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4 A hyperbola has equation 𝑥2 − 4𝑦2 = 4. The distance between its directrices is: 

 

 (A) √5 
 

 (B) 4√5

5
 

 

 (C) 2√5 
 

 (D) 8√5

5
 

   

 

 

5 If 𝑒𝑥 + 𝑒𝑦 = 1, 
𝑑𝑦

𝑑𝑥
= 

 

 (A) −𝑒𝑥−𝑦 
 

 (B) 𝑒𝑦−𝑥 
 

 (C) 𝑒𝑥−𝑦 
 

 (D) −𝑒𝑦−𝑥 
 

 

 

6 The polynomial 𝑃(𝑥) = 𝑥4 + 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 has real coefficients, and  

 

𝑃(2𝑖) = 𝑃(2 + 𝑖) = 0 What is 𝑎 + 𝑏 + 𝑐 + 𝑑? 

 

 (A) 0 

 

 (B) 1 

 

 (C) 4 
 

 (D) 9 
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7 The solutions to the equation 𝑥4 − 10𝑥2 + 5 = 0 are 

 

𝑥 = tan
𝜋

5
, tan

2𝜋

5
, tan

3𝜋

5
, tan

4𝜋

5
 

 

What is the value of: tan2
𝜋

5
+ tan2

2𝜋

5
+ tan2

3𝜋

5
+ tan2

4𝜋

5
? 

 

 (A) 20 

 

 (B) 5 
 

 (C) −20 
 

 (D) 10 

   

 

 

8 
Which expression is equal to ∫

1

1 − sin 𝑥
𝑑𝑥 

 

 (A) tan 𝑥 − sec 𝑥 + 𝑐 
 

 (B) tan 𝑥 + sec 𝑥 + 𝑐 
 

 (C)  log𝑒(1 − sin 𝑥) + 𝑐 
 

 (D) log𝑒(1 − sin 𝑥)

− cos 𝑥
+ 𝑐 

 

   

 

 

9 Let 𝜔 be the complex root of unity such that 𝜔𝑛 = 1 , 𝜔 ≠ 1 

 

Find the value of    ∑(𝑤𝑘 +
1

𝑤𝑘
)

𝑛

𝑘=0

 

 

 (A) 0 
 

 (B) 1 
 

 (C) 2 
 

 (D) 3 
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10 Which of the following equations best describe this curve? 

 

 
 

 (A) 𝑦 = 𝑒𝑥2
 

 

 (B) 
𝑦 =

1

(𝑥 + 1)2
 

 

 (C) 
𝑦 =

1

𝑥2 + 1
 

 

 (D) 𝑦 = 𝑒−𝑥2−𝑥 
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Section II 

90 marks 

Attempt Questions 11-16 

Allow about 2 hours and 45 minutes for this section. 

 

Answer each question on a NEW page. Extra writing booklets are available. 

In Questions 11-16, your responses should include relevant mathematical reasoning and/or 

calculations. 

Question 11  (15 marks) Start a NEW page in your writing booklet. 

(a) Find ∫
(ln 𝑥)2

𝑥
𝑑𝑥. 2 

   

 

 

(b) Find ∫ sin3 𝑥 cos2 𝑥 𝑑𝑥 2 

  
 

 
 

(c) Find ∫
𝑑𝑥

√3 − 2𝑥 − 𝑥2
 2 

  
 

 
 

(d) 
By using the substitution of  𝑥 = 2 tan 𝜃, 

evaluate 
∫

𝑑𝑥

(4 + 𝑥2)
3
2

2

0

 2 

   

 
 

(e) (i) Express 
7𝑥

(𝑥2 + 3)(𝑥 + 2)
 in the form of 

𝐴𝑥 + 𝐵

𝑥2 + 3
+

𝐶

𝑥 + 2
 2 

    

 
(ii) Hence evaluate ∫

7𝑥

(𝑥2 + 3)(𝑥 + 2)
𝑑𝑥

3

0

 2 

 

 

 

 

 

 

 

(f) The area bounded by the curve 𝑦 = 2 cos 𝑥 for 0 ≤ 𝑥 ≤ 2𝜋 and the line 𝑦 = 2 is 

rotated about the y axis. Find the volume of the solid formed using the method of 

cylindrical shells.         

3 
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Question 12  (15 marks) Start a NEW page in your writing booklet. 

(a) For the hyperbola  
𝑦2

25
−

𝑥2

16
= 1, find 

 

 

 (i) the eccentricity 1 

    

 (ii) the coordinates of the foci 𝑆 and 𝑆′  and the equations of its directrices 2 

    

 (iii) Sketch the hyperbola showing all the above features. 1 

  

 
 
 
 

 

(b) Explain why the equation 
𝑥2

𝜆 − 23
+

𝑦2

5 − 𝜆
= 1 cannot represent the equation   

of an ellipse. 
1 

  

 

 

 

 

 

(c) Let  𝑓(𝑥) = 𝑥2(𝑥 −
3

2
)  be a function on the domain −1 ≤ 𝑥 ≤ 2.  

   

 (i) Draw a neat sketch of 𝑦 = 𝑓(𝑥), labelling all intersections with the 

coordinate axes and turning points. You are not required to test the nature 

of the turning points. 

 

2 

 (ii) 
Sketch 𝑦 =

1

𝑓(𝑥)
. 

2 

    

 (iii) Sketch 𝑦2 = 𝑓(𝑥) 2 

   

 

 

 

 

 

(d) Find the coordinates of the stationary points for the curve 𝑥2 − 4𝑥𝑦 = 𝑦2 − 20 4 
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Question 13  (15 marks) Start a NEW page in your writing booklet. 

(a) Shade the region defined by the intersection of | arg 𝑧| ≤
𝜋

3
 , 𝑧 + 𝑧̅ ≤ 4 and |𝑧| ≥ 2 3 

 

 

 

 

 

 

(b) If  𝑧 = √3 + 𝑖  

   

 (i) Find the exact value of |z| and arg 𝑧   2 

    

 (ii) By using De Moivre’s theorem write 
1

𝑧5 in the form of 𝑥 + 𝑖𝑦 2 

   

 

 

 

 

 

(c) A polynomial function is  𝑃(𝑥) = 𝑥5 + 𝑥4 + 13𝑥3 + 13𝑥2 − 48𝑥 − 48.  

 

Factorise 𝑃(𝑥) over the field of: 

 

   

 (i) real numbers, 2 

    

 (ii) complex numbers. 1 

   

 

 

 

 

(d) Find the complex square roots of 7 + 6𝑖√2, giving your answer in the form of 

 𝑎 + 𝑖𝑏, where 𝑎 and 𝑏 are real. 

2 

   

 

 

 

 

(e) R is a positive number and 𝑧1, 𝑧2 are complex numbers. Show that the points on 

the Argand diagram  which represent respectively the numbers 𝑧1, 𝑧2, 
𝑧1−𝑖𝑅𝑧2

1−𝑖𝑅
 

form the vertices of a right angled triangle. 

3 

   

 

 

 

 

 

 

 



– 8 – 
 

Question 14  (15 marks) Start a NEW page in your writing booklet. 

(a) 

 

 

 

 

The base of the solid is the region bounded by the parabola 𝑥2 = 4𝑦 and the line 

𝑦 = 1. 

 

Cross sections perpendicular to this base and the 𝑦 axis are parabolic segments 

with their vertices 𝑉 directly above the 𝑦 axis. The diagram shows a typical 

segment 𝑃𝑉𝑄. All the segments have the property that the vertical height VC is 

three times the base length 𝑃𝑄. 

 

Let 𝑃(𝑥, 𝑦) where 𝑥 ≥ 0 be a point on the parabola 𝑥2 = 4𝑦 

 

 

 (i) Show that the area of the segment 𝑃𝑉𝑄 is 8𝑥2. 2 

    

 (ii) Hence, find the volume of the solid. 2 

 

 

 

Question 14 continues on Page 11 
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Question 14 (continued) 

(b) let 𝑧 = cos 𝜃 + 𝑖 sin 𝜃 be any complex number of modulus 1.  

   

 (i) 
Show that  

𝑧2 − 1

𝑧
= 2𝑖 sin 𝜃 

     

2 

    

 (ii) Hence, prove that  

𝑧 + 𝑧3 + 𝑧5 + 𝑧7 + 𝑧9 =
sin 10𝜃 + 𝑖(1 − cos 10𝜃)

2 sin 𝜃
 

 

2 

 (iii) Hence write down a simplified expression for  

 

cos 𝜃 + cos 3𝜃 + cos 5𝜃 + cos 7𝜃 + 𝑐𝑜𝑠9𝜃  

1 

   

 
 

(c) 
The diagram shows the hyperbola 

𝑥2

𝑎2
−

𝑦2

𝑏2
= 1, where 𝑎 > 𝑏 > 0. 

 

The points 𝑃(𝑎 sec 𝜃, 𝑏 tan 𝜃) and 𝑄(𝑎 sec 𝛼, 𝑏 tan 𝛼) lie on the hyperbola and the 

chord 𝑃𝑄 subtends a right angle at the origin. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

 (i) 
Show that sin 𝜃 sin 𝛼 = −

𝑎2

𝑏2
. 

     

3 

    

 (ii) Hence show that the gradient of the curve at 𝑃(𝑎 sec 𝜃, 𝑏 tan 𝜃) is  

𝑑𝑦

𝑑𝑥
= −

𝑏3

𝑎3
sin 𝛼 

 

3 
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Question 15  (15 marks) Start a NEW page in your writing booklet. 

 

(a) 
Let  𝐼𝑛 = ∫ 𝑥𝑛 ln(1 + 𝑥)𝑑𝑥

𝟏

𝟎

, 𝑛 = 0, 1, 2 … 
 

   

 (i) 
Show that ∫ ln(1 + 𝑥)𝑑𝑥 = (1 + 𝑥) ln(1 + 𝑥) − 𝑥 + 𝑐 

1 

    

 (ii) 
Show that  (𝑛 + 1)𝐼𝑛 = 2 ln 2 −

1

𝑛 + 1
− 𝑛𝐼𝑛−1 , 𝑛 = 1, 2, … 

2 

    

 (iii) Evaluate 3𝐼2 and 4𝐼3 2 

    

 (iv) 

Show that (𝑛 + 1)𝐼𝑛 = {

1

1
−

1

2
+

1

3
−

1

4
+ ⋯ −

1

𝑛 + 1
, for 𝑛 is odd

2 ln 2 − (
1

1
−

1

2
+

1

3
−

1

4
+ ⋯ +

1

𝑛 + 1
) , for 𝑛 is even

 

2 

   

 

 

 

 

 

(b) 
Given 𝑆𝑛 = ∑ 𝑘2

𝑛

𝑘=1

. Prove by mathematical induction that: 

 

 

 
𝑛𝑆𝑛 − ∑ 𝑆𝑟

𝑛−1

𝑟=1

= ∑ 𝑟3

𝑛

𝑟=1

 for n > 1 

 

 

 

 

 

 

 

 

Question 15 continued on Page 13 
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(c) 

 

 

 

 

In the figure, the two circles Γ1 and Γ2have centres 𝑂1 and 𝑂2 respectively. They 

intersect at the points 𝐴 and 𝐵. The extensions of 𝑂1𝐴 meets Γ2 at 𝐶 and the 

extension of  𝑂2𝐴 meets Γ1 at 𝐷.  

 

Given that 𝐵𝐸 ∥ 𝑂2𝐴 and 𝐸𝐷 ∥ 𝑂1𝐴 . Let  ∠𝐵𝐸𝐷 = 𝛼 

 

 

 (i) Copy or trace the diagram into your answer booklet. 

 
 

 (ii) Prove that 𝑂1𝐷𝐶𝑂2 is a cyclic quadrilateral 2 

    

 (iii) Hence, prove that 𝐷𝐶 ⊥ 𝐶𝑂2 2 

   

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

NOT TO SCALE 
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Question 16  (15 marks) Start a NEW page in your writing booklet. 

(a) (i) 
Given that 

𝑎 + 𝑏

2
≥ √𝑎𝑏 

 

Prove that
a + b + c + d

4
≥ √𝑎𝑏𝑐𝑑

4
 

1 

    

 (ii) 
Using part (i) and the fact that 

𝑎 + 𝑏 + 𝑐

3
=

1

4
(a + b + c +

𝑎 + 𝑏 + 𝑐

3
), 

prove that 
𝑎 + 𝑏 + 𝑐

3
≥ √𝑎𝑏𝑐

3
 

2 

   

 

 

 

 

(b) (i) Prove that for all positive values of 𝑥,  𝑒𝑥 > 1 + 𝑥   3 

    

 (ii) If 𝑥1, 𝑥2 , … , 𝑥𝑛 are positive numbers with 𝑆𝑛 = 𝑥1 + 𝑥2 + …  +𝑥𝑛 and 2 

   

𝑅𝑛 = (1 + 𝑥1)(1 + 𝑥2) … (1 + 𝑥𝑛), show that 𝑒𝑆𝑛 > 𝑅𝑛 > 1 + 𝑆𝑛 
 

 

    

 (iii) 
Let 𝑏𝑘 =

𝑘2 + 𝑘 + 1

𝑘2 + 𝑘
 and 𝑃𝑛 = 𝑏1 × 𝑏2 × … × 𝑏𝑛 

 

Show that 𝑃𝑛 < 𝑒 for any positive whole numbers 𝑛 

3 

   

 

 

 

(c) Given a polynomial 𝑃(𝑥) = 𝑥3 − 𝑎𝑥2 + 𝑏𝑥 − 𝑎 where 𝑎 and 𝑏 are positive real 

numbers. Let 𝑎 be the smallest positive real number such that all the roots of the 

polynomial are positive and real. 

 

 

 

 (i) Explain why all three roots of the polynomial are positive real numbers. 

 

 

1 

   

 (ii) Using the result from part (a) (ii),  find the value of 𝑎 and 𝑏 3 

 

 

End of Examination  
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