YEAR 12 TRIAL HSC EXAMINATION
2003

MATHEMATICS

EXTENSION 2

Time Allowed: 3 hours
(plus 5 minutes reading time)

~ INSTRUCTIONS TO CANDIDATES:

e  ALL questions should be attempted.

»  All questions are of equal veiue (35 marks).

#  Part marks are shown on the right hand side.

¢  Marks may not be awarded for careless or badly arranged work.
»  Standard integrals ar¢ provided on the back page.

e  Board-approved calculators may be used.

»  If you use a second booklet for a guestion, place it inside the first.
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QUESTION 1. (START A NEW BOOKLET)

(a)

(b}

(c)

(d)

(e}

Find I

4

xlogx

Find j

x +6x+l{]

Use the substitution #=+1—x to evaluate Iﬂ'x’«.ﬂ' l-x ax

. . |
Use integration by parts to evaluate Lsul x dx

(1)  Find real numbers , b and ¢ such that

{iiy Find

5x%-Sx+14 _axtb

C

(x*+4Xx—-2) x*+4

J Sxi-5x+14
+4}(.r 2)

TPHS Mathamaillcs Extension 2 Tial HEC Examingion 2003

x=-2



QUESTION 2. (START A NEW BOOKLET)

(a)

()

(c)

Each of the following statsments is either true or false. Write TRUE or FALSE
for each statement and give brief reasons for your answers. {You are NOT
required to evaluate the integrals.}

+

o Jleta=0

0

(ii} j'T,:an’x dx =0

4
L) L
{iii) ju cos’ x dx>0

i dx - 1 dx
I:"\.I'[H.vcj' ﬂ'v.1||]+::c‘i

(iv)

Consider the polynomial P{x)= 8x* —8x'—x+1. You are given that
P(x}=(x - )X x) where Qfx) is a cubic polynomial.

() Find Ofx}

(i} If the equation O(x) =0 has one rational root then find the four solutions
to the equation P{x) = {}

(i)  Solve the equation cos4@=cos@ giving the general solution.

(i) Show that cos48 = 8cos* §~Bcos’ G+

(iii) Show that the equation cos48 =cos@ can be expressed in the form
8x" —8x° - x+1=0 where x = cosf.

{(iv) Hence using part (b)(ii) find the exact value of:

pr. o
(o) cos?

T
() cos—
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QUESTION 3. (START A NEW BOCGKLET)

{a)
A
{1.4)
ks 3 /\
-1 / : >
/ D \
Let f(xy=—{x-3)x+1). In the diagram above, the graph of y= f(x) is drawn. On
separate diagrams, and without the use of calculus, sketch the following graphs. Indicate
clearly any asymptotes, any intercepis with the coordinale axes, and any other significant
features. Eazch diagram should take about ten lines.
@ y=|f(x) -2
(i) y= Z
F{x)
{iil) y = gfl"i y.
vy y'=f(0 2
) ’
Ay
O

In the diagram above, the circle {x—2)*+ y* =1 is drawn. The region bounded
by the circle is rotated about the linex=1.

(1)  Use the method of cylindncal shells to show that the volume of the solid 5o

formed is given by 3
V=4zg L’(.x 1= (x-2)? dx
{ii) By using the substitution x —2 =s5in@, or otherwise, evaluate the integral in 4

part (i) 1o find the veolume of the solid.
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QUESTION 4. (START A NEW BOOKLET)
(1) (i) Factorise the cubicpolynomial z* +8
Q) over the rea] field of numbers

4

B} over the r;ompl]:x field of numbers
Let w be one of the complex roots of the equation z’+8=0
(ii) Show that w' =2w-4
(iii) Hence simplify (2w—4)°
(b) The diagram shows the point A at 2 height & vertically above the point (.
It also shows the point B which is positioned at a horizontal distance d

from O. A projectile is fired from A directly at point B with a velocity V. Atthe
same instant a projectile is fired from point B directly at point A with the same

velocity V.
A
.tA .....
:r ty
!' \‘1 ) -~
" N
el
: L’——)
* B
O | —— - - —_
v d

1 et © be the angle between the horizontal at A and the angle of projection.
(i)  Show carefully that the equations of moticn of the two projectiles are given by

x, =Vicosé x, =d—Vicosd

2

y,:h-lr’rsinﬂ—% yﬂ=VrsinE—g—;f

(i) Show that the two particles will always meel.

(iii) Show that the height, H, at which they meet is given by

h g(h! + dl]

T2 gy’

{iv) Find the range of values of V such that the two projectiles meet above the x-axis.
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QUESTION 5. {START A NEW BOOKLET)

(a)

(b)

The equation x° +2x* + bx —16 =0 has roots ¢z, B and v such that =4
(i} Showthatb=-20
(ii) Find the cubic equation with roots given by @°, B* and ¥

(ifi) Hence find the value of 2’ + '+

Consider the roots to the equation z” ~1=0, These roots are plotied on
an Argand diagram. The points represented by these roots are joined o form
a regular n-sided polygon.

{i)  Show that the area of this polygon is given by A, = %sinz—Jlr
4y

{ii) Show that the perimeter of the polygon is givenby F, =2n sinZ

n
(ili) Show that P >24 for all positive integers n.
. ) . _ sin k
(ivy Show that the )im A, =& using the result that llmT =1 and
N — A=l

substituting an appropriate expression for .

{v) Findthe limP,
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QUESTION 6. (START A NEW BOOKLET)
e 2 (y-2) _
{(a) The semi-eliipse given by ;+ . =] where 0 € y £ 2 is drawn below: 6

4

T

L=
[ ]
Iy

The point P(r, h) lies on the ellipse where r > 0 and 0 < h < 2. The tangent at F makes an
angle o with the positive direction of the x-axis.

dr

i Show that tancr =
L = %2—h)

2,44~ (2 - h)?

{ii) Hence, show that tandt = 2B

(ili] Show that the acute angle between the normal at the point  and the vertical linex=r
is equal to the angle between the tangent at P and the positive direction of the x-axis.

© TPHE Mathwmakios Exenslon 2 Trial HSC Examination 2003



QUESTION 6. (Continued)

(t)  The semi-eilipse in part (a) is rotated about the y-axis to form a solid of revolution.
A particle of unit mass slides smoothly in a horizontal circle on the inner surface

of the solid so that it passes#hrough the point P. The particle moves with a constant

linear speed v.

)

(i}

(iii)

(iv)

Draw a force diagram showing the forces acting on the particle at P.

By resolving these forces horizontally and vertically show that

. 3[4-(24]*]
Y ETT

If 2 =1 then find the normal reaction of the surface of the solid on the particle.

If the normal reaction is equal to 2 times the weight of the particle, then find
the height A of the particle.
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QUESTION 7. {(START A NEW BOOKLET)
. 4,
(8} (i) Show that E(log,{soc x +1anx)) = secx 1
4y
(i) Hence or otherwise show that _[;se:cx dx = lug,('\E + l) 2
i) Let J, = [ <secx dx. Use integration by parts to show that for n 2 2
1 =1
I =;Tl[(4§) +(n —2).*,,,2) | 3
(Gv) Hence find I, 1

»

In the diagram above, the shaded area X is bounded by the wpper branch of the hyperbela
y=+x?+a’, the lines x = -a and x = &, and the x-axis, where a is positive. Show that

the area of this region is given by az(wr"f + Iug,(w@ + 1)] You may use the results of

parl (2). 4
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QUESTION 7. (Continued)

(c)

] 1

In the diagram above, a solid is constructed with base the eilipse %E+ 'y;_ =1.

Each cross-section perpendicular o the y-axis is a plane figure that is similar 1o
the region R described in part {b). Find the volume of this solid.
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QUESTION 8. (START A NEW BOOKLET)

(a) The region R, bounded by 0 Sx<2,0<y £ 4x° —x" is rotated about the y-axis.
The solid so formed is sliced by planes perpendicular to the y-axis.
Express the areas of the cros-sections so formed as a function of y, the
distance of the plane from the origin. Use this result to calculate the volume
of the solid. 3

() (i) Show that the area bounded by the parabela 1% =4ay and the lams rectum,
. at
y = g, i5 equal to 3 2

(i) A particular solid has a triangular base with side lengths all 6 metres.
Cross-sections taken parallel to one side of the base are parabolas.
Each parabolic cross-section is such that it has its latus rectum lying
in the base of the solid.

Using part (b)(i) find the volume of the solid. 5
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