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General Instructions 
� Reading time - 5 minutes 
� Working time - 3 hours 
� Write using black or blue pen 
� Board-approved calculators may be 

used 
� A table of standard integrals is 

provided at the back of this paper 
� Show all necessary working in 

Questions 11-16 

Total marks - 100 

  Section I 
10 marks 
� Attempt Questions 1-10 
� Allow about 15 minutes for this section 

  Section II 
90 marks 
� Attempt Questions 11-16 
� Allow about 2 hour 45 minutes for this section 
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Section 1 

 

10 marks 

Attempt Questions 1 – 10  

Allow about 15 minutes for this section 

Use the multiple-choice answer sheet for Questions 1 – 10. 

 

1 2 ?
1 2

i
i
=

−
 

 

 (A) 4 2
3 3

i−  

 (B) 4 2
5 5

i− +  

 (C) 4 2
5 5

i+  

 (D) 4 2
3 3

i− −  

 

2 The eccentricity of the hyperbola 
2 2

2 2 1
4
x y
k k

− = , where k is a positive constant, is? 

 

 (A) 
3

2
  

 (B) 2  

 (C) 
5

2
 

 (D) 5  
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3 The value of 
2

2

1

1
2 10

dx
x x

−
+ +∫  is?  

 (A) 
12
π   

 (B) 
4
π  

 (C) 
36
π  

 (D) None of the above. 

 

 

4 The gradient of the curve 𝑥𝑦 −	𝑥% + 3 = 0 at the point when x = 1 is: 

               (A)       −4                (B)       −1                    (C)    1                        (D)        4   

 

 

5 The region bounded by the curves 𝑦 = 	𝑥% and 𝑦 = 	𝑥* in the first quadrant is rotated about the 
y−axis. The volume of the solid of revolution formed can be found using:  

 (A) 𝑉 = 	𝜋 𝑦
-
. −	𝑦

-
/

0
1 	𝑑𝑦                (B)        		𝑉 = 	𝜋 𝑦

-
/ −	𝑦

-
.

0
1 	𝑑𝑦                    

 (C)   𝑉 = 	𝜋 𝑦
/
. − 	𝑦0

1 	𝑑𝑦                  (D) 𝑉 = 	𝜋 𝑥3 −	𝑥40
1 	𝑑𝑥 

 

6 What is the remainder when 𝑃 𝑥 = 	𝑥* +	𝑥% − 𝑥 + 1 is divided by  𝑥 − 1 − 𝑖 ? 

(A) −3i − 2  (B) 3i – 2  (C) 3i + 2             (D)         2 − 3i  

                      

7 The value of 2lim sin
n

n
n
π

→∞

⎡ ⎤⎛ ⎞
⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 is? 

 (A) 1
2π

  

 (B) 1 

 (C) 0  

 (D) 2π  
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8 
 
Solve the inequality:  

890
8:*

	≤ 	 89*
8:%

	 

 (A)    𝑥	 < 2	and		𝑥	 > 3                           (B) 𝑥	 < 2		and		3	 < 𝑥	 ≤ 7 

 (C) 2	 < 𝑥	 < 3                                       (D)  2	 < 𝑥 < 3	and		𝑥	 ≥ 7 

 

9          Which of the diagrams below best represents 𝑦 = 	 𝑓(𝑥)                                            

               (A)                                                               (B) 

  

 

 

 

  

          (C)                                                                   (D)    
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10.     A solid is formed when the region bounded by the curves 2y x= , 220y x= −   and the y-axis is 
rotated about the y-axis.  

 

                                       

      

What is the correct expression for the volume of this solid using the method of cylindrical shells? 

       (A) ( )2 2 2

0
2 20V x x dxπ= − −∫  

       (B) ( )2 2 2

0
2 20V x x x dxπ= − −∫  

       (C) ( )2 2 2

0
2 20V x x dxπ= − −∫  

       (D) ( )2 2 2

0
2 20V x x x dxπ= − −∫  

 

 

 

 

End of Section I 
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Section II 

90 marks 

Attempt Questions 11 – 16  

Allow about 2 hours and 45 minutes for this section 

Answer each question in a SEPARATE writing booklet.  Extra writing booklets are available. 

In Questions 11 – 16 your responses should include relevant mathematical reasoning and/or calculations. 

 

 

Question 11 (15 marks) Use a SEPARATE writing booklet. 

(a) (i) Write ( )21 2i+  in the form x iy+  where x and y are real.                    1 

 (ii) Solve 2 12 16z i= − + .  Write your answer in the form x iy+ .                   2 

 

(b) Evaluate 
1

2

0

2 1
1

x dx
x

+
+∫ .                          3 

   

(c) (i) Find A and B such that 2

4 .
4 2 2

A B
x x x

≡ +
− − +

                      2 

 (ii) Hence find 2

4
4

dx
x−∫                          2 

     

(d) The equation 32 4 3 0x x+ − =  has roots , andx x xα β γ= = = .                      2 

 Find a polynomial equation with roots 2 , 2 and 2x x xα β γ= = = . 

 

 (e) Evaluate 
2

0

cos 1 sin .d

π

θ θ θ+∫                           3 

 

End of Question 11 
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Question 12 (15 marks) Use a SEPARATE writing booklet.  

  

 
(a) 

 
The equation 0122072 234 =−−−+ xxxx  has a double root. Find this root and hence 
solve  this equation.    
 
                        

 
 
3 

 
(b) Prove that the condition for the line cmxy += to touch the ellipse 12

2

2

2

=+
b
y

a
x 		is:	

																										 2222 mabc += 	 	 	 	 	 	 	 	  
 
 
 
 

 
 
4 

 
 
 

(c) Given that i+1   is a root of the equation ( ) ( ) 0522 =++++ ibziaz where a and b are real, 
 determine the values of a and b.	 	 	 	 	 	 	 																 
 
 
 

3 

(d) (i)          Find the equation of the tangent at the point 𝑃 𝑐𝑡, J
K

 on the rectangular 
hyperbola   𝑥𝑦 = 	 𝑐%.  

2 

 (ii)         Find the coordinates of A and B where this tangent cuts the x and y axis    
respectively. 

2 

 (iii)        Prove that the area of the triangle OAB is a constant. (Where O is the origin). 1 

 End of Question 12  
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Question 13 (15 marks) Use a SEPARATE writing booklet. 

 

(a) Let 4

0
tan ,n

nI x dx
π

= ∫ where n is an integer and 0.n ≥   

 (i) Show that 2
1 .

1n nI I
n−+ =
−

             3 

 

 (ii) Hence find 4 4

0
tan .x dx

π

∫              2 

 

 

(b) ( )cos , sin ,P a bθ θ where 0 ,
2
πθ< < is a point on the ellipse 

2 2

2 2 1.x y
a b

+ =    

   

 (i) Show that the tangent at P has equation          2 

   cos sin 1x y
a b
θ θ+ = . 

 (ii) If L is the distance of the tangent from the origin O          3 

show that 
2 2

abL
a b

>
+

.    

 

 

 

 

 

Question 13 continues over the page 
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Question 13 continued 

 

(c)  

   

 

   Cross-section with base on AB 

 

 The diagram above shows the region enclosed by the parabola ( )23y x= − and 

 the line 3 9.x y+ =   The region forms the base of a solid. 

 When the solid is sliced perpendicular to the x-axis, each cross-section is a  

 semi-circle with diameter across the region. 

 A typical cross-section is shown above. 

 (i) If the solid is sliced along the line x a= , show that the area of      2 

  the cross-section is ( )22 3 , where 0 3.
8

A a a aπ= − ≤ ≤  

 (ii) Find the volume of the solid.           3 

End of Question 13 

x

y

9

3

A

B

A B
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Question 14 (15 marks) Use a SEPARATE writing booklet. 

 

(a) Using the substitution tan
2
xt = , or otherwise, evaluate     3 

  
2

0

1
1 cos

dx
x

π

+∫  

 

 

(b) A sequence is defined such that 1 2 1 21, 1 and for 3.n n nu u u u u n− −= = = + ≥     4 

Prove by induction that 7
4

n

nu ⎛ ⎞< ⎜ ⎟⎝ ⎠
 for integers 1.n≥    

  

 (c) A variable point ),( yxP  moves so that its distance from )1,0(  is one-half its  

                distance from 4=y .   Find, and describe the locus of P.                                            3     

                                                                          

(d)        If a > 0 , b > 0 , 0>c  and 1=++ cba  show that abc)c)(b)(a( 8111 ≥−−− .          2                         

 

 (e)         Show that 
1cos (sin cos )
2

xe xdx x x C− = − +∫  	 	 																																										  3	

	 																							  

 

 

End of Question 14 
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Question 15 (15 marks) Use a SEPARATE writing booklet. 

 

(a) In the diagram below, PA and PB are tangents to the circle.  The chord AQ is parallel to the 
tangent PB.  PCQ is a secant to the circle and chord AC produced meets PB at D. 

 (i) Show that CDPΔ is similar to PDAΔ .     2 

 (ii) Hence show that 2PD AD CD= × .      1 

 (iii) Hence, or otherwise, prove that AD bisects PB.    2 

 

 

(b) (i) Three identical balls are to be placed randomly in three tray s.  2 

  Each ball is equally likely to be placed in any one of the trays. 

Show that the probability that exactly one of the trays is empty 

is 2 .
3

 

 

 (ii) The above process is repeated with n identical balls  (where 2n ≥ )  2 

and n trays. Write an expression in terms of n for the probability that  

exactly one tray is empty. 

Question 15 continues over the page 
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Question 15 continued 

  (c)           Use the method of cylindrical shells to find the volume of the solid generated by                   3 

         revolving the region enclosed by 𝑦 = 3𝑥% −	𝑥* and the x axis around the y-axis.  

 

(d)            By taking slices perpendicular to the axis of rotation, find the volume when  

                 The area bounded by the parabola 26y x x= −  and the x  axis is rotated about the 

                 line 10y=                                                                                                                                3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

End of Question 15 
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Question 16 (15 marks) Use a SEPARATE writing booklet. 

 

(a)        The graph of 𝑦 = 𝑓(𝑥) is shown below.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                            Draw separate sketches for each of the following: 

(i)  𝑦 = 	 𝑓(𝑥)                                                                                                                    2 

     (ii)        𝑦 = 	 0
L(8)

                                                                                                  2 

    (iii)         𝑦% = 𝑓(𝑥)                                                                                                                2 

 (iv)         𝑦 = 	 𝑒L(8)                                                                                              2 
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(b)    The function ( )F p  is defined as ( ) 1

0
lim , for 0.

t
p x

t
F p x e dx p− −

→∞
= >∫  

(i) Show that (1) 1F = .                          2   
 

(ii) Use integration by parts to show ( ) ( )1 .F p pF p+ =                      3 
 

(iii)  Hence find ( )F n  for integers 1n ≥  .            2 

End of paper. 
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STANDARD INTEGRALS 
	

∫ dxxn 		 0 if,0;1,
1

1 1 <≠−≠
+

= + nxnx
n

n 	

∫ dx
x
1

	 	 	 0,ln >= xx 	

∫ dxeax 	 	 0,1 ≠= ae
a

ax 	

∫ dxaxcos 	 	 0,sin1 ≠= aax
a

	

∫ dxaxsin 	 	 0,cos1 ≠−= aax
a

	

∫ dxax2sec 	 	 0,tan1 ≠= aax
a

	

∫ dxaxax tansec 	 0,sec1 ≠= aax
a

	

∫ +
dx

xa 22

1
	 	 0,tan1 1 ≠= − a

a
x

a
	

∫
−

dx
xa 22

1
	 axaa

a
x <<−>= − ,0,sin 1 	

∫
−

dx
ax 22

1
	 ( ) 0,ln 22 >>−+= axaxx 	

∫
+

dx
ax 22

1
	 ( )22ln axx ++= 	

	 	 	

NOTE:		 0,logln >= xxx e 	

 

 

 

 

	




















































