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Section |

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

6

1 Which of the following represents - in modulus-argument form?
3+4/3i
(A) J3| cos z +isin z
i 6 6
(B) J3 cos(—%]ﬂsin[—zﬂ
© \/5 oS 2n +isin 2n
i 3 3
(D) x/é oS _2n +isin 2z
| 3 3
2 Which of the following is a correct expression for J x3* dx ?
3X2+l
A +C
(A) N
3¢
B +C
®) In9
3¢
C +C
© In3

(D) 3In3+C

3 Let f (x) be a continuous, positive and decreasing function for x > 0. Also, let a, =f (n).

6 5 6
Let P:J f(x)dx, Q=) a and R=) a, .
1 k=1 k=2
Which one of the following statements is true?

(A) P<Q<R
(B) Q<P<R
(©) R<P<Q
(D) R<Q<P



A 12-sided die is to be made by placing the integers 1 through 12 on the faces of a
dodecahedron. How many different such dice are possible?

[

Here we consider two dice identical if one is a rotation of the other.

A) 12!
® =
© =
o =

A particle of mass m is moving horizontally in a straight line. Its motion is opposed by a
force of magnitude mk(v + v®) Newtons when its speed is v m/s and k is a positive constant.
At time t seconds the particle has displacement x metres from a fixed point O on the line and
velocity v m/s. Which of the following is an expression for x in terms of v?

Let g the acceleration due to gravity.

1 1
A) Ej 1+ V2 av

1 1
(B) _EJ 1+Vv? av

1 1
c = dv
© kJ' vil+v2i
1

1
®) _EJ' vi1+v2 ) w

X

Let g (x) be a function with first derivative given by g’(x) :J e dt.
0
Which of the following must be true on the interval 0 < x < 2?

(A) g (x)isincreasing and the graph of g (x) is concave up.
(B) g (x)isincreasing and the graph of g (x) is concave down.

(C) g (x) is decreasing and the graph of g (x) is concave up.
(D) g (x) is decreasing and the graph of g (x) is concave down.



Which of the following sketches is a graph of x* — y* = 2y + 1?

(A)

(B)

(©)

(D)

If 4x+\/g =y+4, what is the value of % at (2, 8)?

w 2
® =
© -2
O -



10

Forz:a+ib,|z‘:\/az+b2.
Let A= 3(-1+i+3).

Which of the following is a correct expression for | w |, where w = a + bA?

() @-by-ab
(B) y(a-by-2ab
© @-by+ab
(D) y(a-by+2ab

15 15 15 15 15
Kram was asked to evaluate +3 +5 +...+(2n+1) +..+31 .
0 1 2 n 15

1 1
When told that he should use the fact that ( 5): [15 > ] Kram was able to write
n -n

down the value. What did he write down?

(A) 2P
(B) 2%
(C)y 2¥
(D) 2%



Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hour and 45 minutes for this section

Answer each question in a NEW writing booklet. Extra pages are available

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 Marks) Start a NEW Writing Booklet

(@)

(b)

(©)

(d)

()

If z=2 -1 express each of the following in the form a + ib, where a and b are real.
() 4z -3

(i) 3z°-2z+1

T
Evaluate J XC0S5 X dx
0

The complex number z moves such that |z + 2 | = -Re z.
Show that the locus of z is a parabola and find its focus and the equation of its
directrix.

Without the use of calculus, sketch the graph of y=x-1— ﬁ ,
x-1

showing all intercepts and asymptotes.

The region bounded by y = x — x? and y = 0 is rotated about the line x = 2.

Using the method of cylindrical shells, find the volume of the solid formed.



Question 12 (15 Marks) Start a NEW Writing Booklet

(a) The graph of y = f (x) is sketched below.
A

1

N\

Draw a separate half-page graph for each of the following functions,
showing all asymptotes and intercepts.

. 1
(1) Y—m
(i) y=e'™

(i) y=f(|x[+1)

-1,,2

(b)  Acurve is defined implicitly by tan™ x* +tan™"y? =

1 4
0] Show that % = —);7(1:—14% :

NS

(i) Using symmetry, or otherwise, sketch the curve.

(c) The base of a solid S is the region enclosed by the graph of y = Inx, the line x = ¢,
and the x-axis.
The cross sections of S perpendicular to the x-axis are squares.
What is the volume of S?



Question 13 (15 Marks) Start a NEW Writing Booklet

(a) A car, starting from rest, moves along a straight horizontal road.
The car’s engine produces a constant horizontal force of magnitude 4000 newtons.
At time t seconds, the speed of the car is v m/s and a resistance force of
magnitude 40v newtons acts upon the car.

The mass of the car is 1600 kg.

()  Showthat 3 =2100=V
dt 40

(i) Find the velocity of the car at time t.

(b) (1) LetT=tanfandz=1+1iT.
Show that z° =1-3T?+i(3T - T?)

(i) Hence find an expression for tan36 only in terms of powers of tané.

(©) In the diagram, AB and AC are tangents from A to the circle centre O, meeting
the circle at B and C.
AE is a secant of the circle, intersecting it and D and E with G is the midpoint of DE.
CG produced meets the circle at F. You may assume that ABOC is a cyclic quadrilateral.

Copy the diagram to your answer sheet.

0] Show that AOGC is a cyclic quadrilateral

(i) Construct BC and BF and let ZABC =86
Prove that BF is parallel to AE.



Question 14 (15 Marks) Start a NEW Writing Booklet

(@)

(b)

(©)

(d)

The curve C has parametric equations

L and y = In(t+\/1+t2) for all real t.
V(L+t%)

2
@  showthat ¥ =_&*0)
dx t

(i) Show that In(—t+\/1+—t2):_ln(t+\/l+—t2)

X=

(iti)  Deduce that C is symmetric about the x-axis.
(iv)  Show that the domainof Cis0<x <1.

(V) Sketch the graph of C.

A box contains six chocolates, two of which are identical.
From this box three chocolates are drawn without replacement.
0] How many different selections could be made

(i) What is the probability that a selection will include the two
identical chocolates?

For what values of k does the equation 3x* —16x>+18x* =k have four
real solutions?

Find the polynomial equation of smallest degree that has rational coefficients and
also has —1+x/§ and —6i as two of its roots.



Question 15 (15 Marks) Start a NEW Writing Booklet

a By considering the expansion of (1+i)*" show that
(a) y g p

n-1 2n Ko nz
;(Zkﬂ)(—l) =2 sm[7]

(b) In an environment without resources to support a population greater than 1000,
the population P at time t is governed by

9 _ p000-P)
dt

0] Show that In _P =1000t + C , for some constant C.
1000-P

1000K

(i) Hence show that P = 100 for some constant K.
e

(i)  Given that initially there is a population of 200, determine at what time t,
the population would reach 900.

(c)  Consider the real numbers X, X,,..., X ,where 0<x. <1 fori=1,2,...,n.

Q) Given that (1-x)(1-x,) 20, show that 2(1+xX,) = (1+Xx)(1+X,).

(i) Prove by mathematical induction that
2" L+ X XX, XX X ) 2 (L X)L+ X,) XX (LX)

for all positive integers n.

-10 -
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Question 16 (15 Marks) Start a NEW Writing Booklet

(a) A particle Q of mass 0.2 kg is released from rest at a point 7.2 m above the
surface of the liquid in a container.
The particle Q falls through the air and into the liquid.
There is no air resistance and there is no instantaneous change of speed as
Q enters the liquid.
When Q is at a distance of 0.8 m below the surface of the liquid, Q’s speed
is 6 m/s. The only force on Q due to the liquid is a constant resistance to
motion of magnitude R newtons.

Take g, the acceleration due to gravity, to be 10 ms™.

0] Show that prior to entering the liquid that % = %

(i) Hence find the speed as Q enters the liquid.

(iii)  Find the value of R.

The depth of the liquid in the container is 3.6 m.

Q is taken from the container and attached to one end of a light inextensible string.
Q is placed at the bottom of the container and then pulled vertically upwards with
constant acceleration.

The resistance to motion of R newtons continues to act.

The diagram below shows the forces acting on Q as it is being pulled out of the container.

The particle reaches the surface 4 seconds after leaving the bottom
of the container.

(iv) By resolving the forces and finding an expression for % , find

the tension in the string.

Question 16 continues on page 13

-12 -



Question 16 (continued)

(b) 0] Find the coordinates of the turning points of the curve y =27x%®—-27x* +4.

(i) By sketching the curve, deduce that x* (1— x) < % forall x=0.

(iii)  Three real numbers a, b and c lie between 0 and 1, prove that
at least one of the numbers bc(1 — a), ca(l — b) and ab(1 —c) is

less than or equal to 4 :
27

End of paper

-13 -
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STANDARD INTEGRALS

x" dx :ix””, n#-1, x#0,ifn<0
n+1

—dx =lnx, x>0

ax _1 ax

e* dx =—e*, az0
a
1.

cosaxdx =asmax, az0

sinaxdx =—5cosax, az0

1 1 _
S dx =—tan1Z, az0
a° + x a a
41X
X  =sin 15, a>0, —a<x<a

1
\/az—xzd
[ 1 _ (2 _ 2)
mdx In(x+ xc—a“|, x>a>0

1 _ [2 2)
mdx In(x+ X< +a

NOTE: Inx=log,x, x>0

—16 -
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Section | 10 marks

1 Which of the following represents in modulus-argument form?

6
3+\/§i

e ZJisn( 7

e 5 eion(-5

Ren( )]

o ol 53]

7 cis(—) = aais(5)

6
3+\/§i 2\/5 cisz \/_

2 Which of the following is a correct expression for J x3* dx?

3X2+l
A +C
) x%+1
@ 3 +C
‘ In9
3¢
C +C
© In3

D) 3In3+C

Jx3xzdx=%J 2x3° dx = ¥ ,c-% ¢

2In3 In9

Alternatively using the substitution u = x*
x3* dx=1 2x3° dx=l 3du= 3 +C=3 +C
2 2 2In3 In9

3 Let f (X) be a continuous, positive and decreasing function for x > 0. Also, let a, = f (n).

6 5 6
Let sz f(x)dx, Q=Y a and R=>a .
1 k=1 k=2

Which one of the following statements is true?
(A) P<Q<R

B) Q<P<R
& s
(D) R<Q<P

P is the exact value, Q is the upper sum since the graph is decreasing and R is the lower
sum.

—2_



A 12-sided die is to be made by placing the integers 1 through 12 on the faces of a
dodecahedron. How many different such dice are possible?

[

Here we consider two dice identical if one is a rotation of the other.

(A) 12!
121
(B) 5
121
©) iy

12!

@) %
Since each face must receive a different number, start by counting 12! ways to assign the
numbers.
However, there is no order to the faces on a die; it may be rolled around into many different
orientations.
If the die is placed on a table, then any of the 12 faces (say, the one with the number 1
assigned to it) can be rotated to the top position.
Further, even after the location of this top face is chosen, there are still 5 ways in which it
might be rotated about a line through the centers of the top and bottom faces (regular
pentagons). That is, adjacent to the top face there are 5 faces from which to specify one as
the front face.
Consequently, there are 12 x 5 = 60 ways to orient any numbering of the faces.
So the number of oriented numberings must be divided by 60.

Alternatively
Place the die on a surface. There are eleven possible numbers for the top face.
Below are two rings of 5 faces.
There are *°C, ways of selecting numbers for the top ring which can be arranged in 4! ways.
Then the remaining 5 faces can be numbered in 5! ways.
111 12!

S 11 10C5><4!><5!=___
5 60



A particle of mass m is moving horizontally in a straight line. Its motion is opposed by a
force of magnitude mk(v + v®) Newtons when its speed is v m/s and k is a positive constant.
At time t seconds the particle has displacement x metres from a fixed point O on the line and
velocity v m/s. Which of the following is an expression for x in terms of v?

Let g the acceleration due to gravity.

By inspection:

(A) EJ 1 > dv Being resistance it must be B or D
k) 1+v To get x in terms of v then the standard
@ _ij 1 dv approach is vy and so a v would get
k) 1+v? dx
. . cancelled.
k V(1+V ) Directly:
3
(D) _1 1 dv mvﬂz—mk(v+v3):ﬁ:—k{v+v )
K v(l +V2) dx dx v

%z[ 1 ]
Tdv o k\ 142

X

Let g (x) be a function with first derivative given by g’(x) :J e dt.

0
Which of the following must be true on the interval 0 < x < 2?

g (x) is increasing and the graph of g (x) is concave up.
5 g (x) is increasing and the graph of g (x) is concave down.

(C) g (x) is decreasing and the graph of g (x) is concave up.
(D) g (x) is decreasing and the graph of g (x) is concave down.

X

As et >0, then g’(x) :J e’ dt>0ie. g () is increasing.

0

([ Y
9"(x) = %LJ et dtJ =e™ >0 i.e. g (x) is concave up

0



7 Which of the following sketches is a graph of x* —y* = 2y + 1?

(A)

.ll

NS
N
X = (y+1)°

Ly+l=4%°

X

Ly=+x"-1

(©)

" N L/
7S

8 If 4x+\/x7y= y+4, what is the value of % at (2, 8)?

® 1
3 4+%(xy)7 x(xy'+y)= y’

B) - =
® > - 4+3(16) 2 x(2y'+8) = y'
©) 20 .'.4+%x(2y’+8):y'

2 SA+l=y' -y =>2y'=5
® -7 Ly =5



Forz=a+ib, ‘ z’:\/a2+b2.
Let 2=3(-L+1+/3),

Which of the following is a correct expression for | w |, where w = a + bA?

(&) J(a-by-ab

(B) (a-b)*-2ab
(©) Ve

(D)  (a-by*+2ab

a+b1:a+%(—1+ix/§)b
=(a-1b)+i(b)

| w| :\/(a—%b)2+(§b)2
— Ja% —ab+1b? + 207
=+a’—ab+b’

=\/(a2 —2ab+ b2)+ ab

= a—b2+ab
(a-b)



15 15 15 15 15
10 Kram was asked to evaluate 0 +3 . +5 5 +...+(2n+1) ) +..4+31 15

15 15
When told that he should use the fact that [ . ] = (15 nj , Kram was able to write

down the value. What did he write down?

(A) 215
(B) 216
6
(D) 231

Adding the reverse sum
15 15 15 15 15
+ 3 +5 ot (2n+1) +..+31
0 1 2 n 15
15 15 15 15
31 +29 +27 +...+(31-2n) +ot
15 2 15—n 0
15 15 ). 15 15) (15 15
Now use the fact that i.e. = : = -
n 15— n 0 15 1 14
15 15
C.2xSum =32x +...4+

=32x 2%
— 220
-.Sum=2%
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X2 THSC 2015
Question 13

Average mark: 9.5/15
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SBHS THSC Maths Ext2 2015

Question 15

@  (1+i)"= (ﬁcis(%))zn
LHS
=2"C, + 2"Cji+ *"C,i* + *"C,i’ + "C,i" + "C,i* +...+ 2"C,, ,i*" " + ¥"C,,i*"
=2"C,+"C,i—*"C,-?"C,i+*"C, + ""C/i—..+ *"C,, i*"*

Now Im[LHS] = *"C,-*"C,+*'C, - *"C, +..— *"C,, ,

n-1
= Z 2nC2k+1(_1)k
k=0

( ) ( (%) +isin ZT)) (de Moivre’s Theorem)

2"(cos (2)+|sm( £)
Thuslm[RHS]—2”S|n( z)
= Im[LHS]

n-1
Hence > 2'C,, (1) =2"sin(%) as required.

k=0

Comments: Well answered generally. Those who lost marks failed to see the
connection between the imaginary parts.

(b) ar_ P(1000-P)

dt
a__ 1
dP  P(1000-P)
Integrating w.r.t. P:

= Ji L dP+C
P 1000-P
Partial Fractions:
1 A B
=—+
P(lOOO — P) P 1000-P
1= A(lOOO - B)+ BP
1

Hence A=B=——
1000

1 (JdP f dpP ]
=——| | 57t +C
1000 1000-P

(|n P—In(1000-P))+C

(i)

~ 1000



.'.In( P ):1000t+C as required.
1000-P

Alternatively:

1000t +C = In[ P )
1000-P

Differentiating w.r.t. P:

1ooo$= L i( P ]
dP ( P )dP 1000-P
1000-P

_1000-P {(1000 ~P).1- P.(—l)}

P (1000 - P)*
_1[ 1000
_5{1000— P}
Sdt 1
""dP ~ P(1000-P)
dP P
Thus ~ ——=P(1000-P), and 1000t +C = In[ ]
dt 1000 - P
is a solution.

Comments: Again very well answered, with most candidates using partial fractions,
some by observation rather than formally.

(i) From above, taking exponentials:

P _ ploootsC
1000 -P
_ Keloot
Thus P =1000Ke™™™" — PKe"™™"

P (1+ Klooot ) — 1000 Ke!®

1000t
» _ 1000Ke

- 1+ KelOOOt
P= % on division by "%,

Comments: Again very well answered, with most candidates getting the full 3 marks.

(iii)  When t=0, P =200
So 200 — L00OK

K+1
Hence K = 7.




When the population is 900

1000 x 0.25
0025 e
g0 _ 250 1

' 900 4

Taking natural logarithms:
-1000t = In(%)
_In(36)
1000
t=0.0036  (Assumedly the units are years)

Comments: Almost every candidate obtained this rather alarming result.

(© 0<x<1 i=L,2,..,n
(i)  Given (1-x)(1-%,) 20, RTP 2(1+x,) > (1+x)(1+X,)

(1- Xl)( ;)20

1-X, =X +XX,20
1- (x +x)+xlx220
I+ XX, 22X +X, - (1)

Consider 2(1+xX,)—(1+%,)(1+X,)
2(1+ %%, ) = (1+ (% +%, )+ %X, )
2(14 %%, ) — (14 %%, ) = (%, +X,)
(1+%%,) - (% +X,)
From (1)
> (1+x,)(1+%,)

VvV ol

Thus 2(1+ x,X,

Comments: This was generally well done, although some assumed the result, and
proceeded to beg the question.

(i)  P(n): 2" (L4 XXX, ) 2 (14 %,)(14 X, )..(1+X,)
P(1): 2°(1+%)21+x,
LHS=1+x; RHS=1+x
. P(1) is true (equality)

P(k) : Assume the proposition is true for some positive integer k
Thus 2“7 (14 %%,...% ) 2 (1+ % )(1+ X, )..(1+X,)

P(k+1): RTP that P(k) implies P(k+1)
that is 2 (1+ XX, .. Xy 1 ) 2 (14X, ) (14 X, ) (L4 X))



RHS = (14X, )(1+ X, ). (14 X ) (14 X, )
<2 (L4 XXy, )(1+ X1 ) by the assumption
< 24 (1 XXy X Xi ) by part (i)

= LHS
- LHS > RHS

Hence by the principle of mathematical induction, the proposition
is true forall n>1.

Comments: Almost no candidates took the short route to proof shown above, but most
who attempted it found a way.
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