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 Attempt Questions 11-16 
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Section I  

10 marks 

Attempt Questions 1–10  

Use the multiple-choice answer sheet for Questions 1–10. 

 

(1) The Argand diagram shows the complex number 𝑒𝑖𝜃. 

 

 

Which of the following diagrams best shows the complex number −𝑖𝑒2𝑖𝜃? 

 

(A)  

 

(B)  

 

 

(C)  

 

(D)  

 

𝑒𝑖𝜃 
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(2) A body of mass 5 kg is acted upon by a variable force 𝐹 = 15(𝑡2 + 3) Newtons, where 𝑡 is in 

seconds. If the body starts from rest, which of the following is the velocity function?  

 

 
(A)   𝑣 = 𝑡3 + 9𝑡 

 

 

(B) 𝑣 = 5𝑡3 + 45𝑡  

 

(C) 𝑣 = √2𝑡3 + 54𝑡  

 

(D) 𝑣 = √10𝑡3 + 270𝑡  

 

 

(3) Which pair of vectors are perpendicular? 

 

 
(A)    2�̰� + 3�̰� + 5�̰� and 4�̰� − 25�̰� + 9�̰� 

 

 
(B)    �̰� − 21�̰� + 12�̰� and 3�̰� + 3�̰� + 5�̰� 

 

 
(C)   5�̰� − �̰� + 17�̰� and 2�̰� + 3�̰� − �̰� 

 

 

(D)   −3�̰� + 4�̰� − �̰� and 2�̰� + 3�̰� + 5�̰� 

 

 

 

(4) Which of the following statements is false for real values of 𝑥 and 𝑦? 

 

 
(A) ∀𝑥, ∀𝑦: 𝑥2 > 𝑦 + 1. 

 

 
(B) ∀𝑥, ∃𝑦: 𝑥2 < 𝑦 + 1. 

 

 
(C) ∃𝑥, ∀𝑦: 𝑥2 > 𝑦 + 1. 

 

 

(D) ∃𝑥, ∃𝑦: 𝑥2 < 𝑦 + 1. 

 

 

 

 

 

 



Page 4 

 

(5) Which diagram represents 𝑧 such that arg (
𝑧+2𝑖

𝑧−2𝑖
) =

3𝜋

4
? 

 

 

(A)  

 

(B)  

 

 

(C)  

 

(D)  
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(6) What is the derivative of sin−1 𝑥 − √1 − 𝑥2? 

 

 
(A)  

√1+𝑥

√1−𝑥
 

 

 
(B)     

√1+𝑥

1−𝑥
  

 

 
(C)     

1+𝑥

√1−𝑥
  

 

 
(D)   

1+𝑥

1−𝑥
 

 

 

(7) The fifth roots of 1 + √3𝑖 are:  

 

 (A)  √2
5

𝑒− 
4𝜋

5
𝑖 , √2

5
𝑒− 

2𝜋

5
𝑖 , √2

5
, √2

5
𝑒

2𝜋

5
𝑖 , √2

5
𝑒

4𝜋

5
𝑖
 

 

 (B)  2𝑒− 
4𝜋

5
𝑖 , 2𝑒− 

2𝜋

5
𝑖 , 2, 2𝑒

2𝜋

5
𝑖 , 2𝑒

4𝜋

5
𝑖
 

 

 

(C)  √2
5

𝑒− 
13𝜋

15
𝑖 , √2

5
𝑒− 

7𝜋

15
𝑖 , √2

5
𝑒− 

𝜋

15
𝑖  , √2

5
𝑒

𝜋

3
𝑖 , √2

5
𝑒

11𝜋

15
𝑖
 

 

(D)   √2
5

𝑒− 
11𝜋

15
𝑖 , √2

5
𝑒− 

𝜋

3
𝑖 , √2

5
𝑒

𝜋

15
𝑖  , √2

5
𝑒

7𝜋

15
𝑖 , √2

5
𝑒

13𝜋

15
𝑖
 

 

 

(8) A particle moves in a straight line so that its acceleration at any time is given 

by �̈� = −4𝑥. What is the period and amplitude given that initially 𝑥 = 3 and 

𝑣 = −6√3? 

 

 
(A) 𝑇 =

𝜋

2
 and 𝑎 = 3 

 

 
(B) 𝑇 =

𝜋

2
 and 𝑎 = 6 

 

 
(C) 𝑇 = 𝜋 and 𝑎 = 3 

 

 (D) 𝑇 = 𝜋 and 𝑎 = 6 
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(9) Which of the following is an expression for ∫ sin2 𝑥 cos5 𝑥 𝑑𝑥 ? 

 

 
(A)   −

sin3 𝑥

3
+

2 sin5 𝑥

5
−

sin7 𝑥

7
+ 𝑐 

 

 
(B)   −sin3 𝑥 + 2 sin5 𝑥 − sin7 𝑥 + 𝑐 

 

 
(C)   

sin3 𝑥

3
−

2 sin5 𝑥

5
+

sin7 𝑥

7
+ 𝑐 

 

 

 

 

(D)   sin3 𝑥 − 2 sin5 𝑥 + sin7 𝑥 + 𝑐 

 

 

 

(10) Which of the following is an expression for ∫ 𝑥4 log𝑒 𝑥 𝑑𝑥? 

  

(A)    
𝑥4 log𝑒𝑥

4
−

𝑥5

25
+ 𝑐 

 

 

(B)   
𝑥4 log𝑒𝑥

4
−

𝑥5

5
+ 𝑐 

 

 

(C)   
𝑥5 log𝑒𝑥

5
−

𝑥5

25
+ 𝑐 

 

 

(D)   
𝑥5 log𝑒𝑥

5
−

𝑥5

5
+ 𝑐 
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Section II 

90 marks 

Attempt Questions 11–16 

Start each question on a NEW sheet of paper. 

Question 11 (15 marks) 

(a) If 𝑧 = 2 − 𝑖√12 

  

(i) Express 𝑧 in modulus-argument form. [2] 

 

(ii) Find the modulus and argument of 𝑧5. [2] 

 

 

(b) Find 

(i)    [2] 

∫
2

√4 − 9𝑥2
𝑑𝑥 

 

(ii)    [2] 

∫
2𝑥

√4 − 9𝑥2
𝑑𝑥 

 
(c)  

(i) Express 
8−𝑥

𝑥(𝑥−2)2
 in the form  

𝐴

𝑥
+

𝐵

𝑥−2
+

𝐶

(𝑥−2)2
, 

where 𝐴, 𝐵 and 𝐶 are constants. [2] 

 

 

(ii) Hence find  [2] 

∫
8 − 𝑥

𝑥(𝑥 − 2)2
𝑑𝑥 

 

 

(d) If 𝜔 is a complex root of the equation 𝑧3 − 1 = 0. 

 

(i) Show that 1 + 𝜔 + 𝜔2 = 0. [1] 

 

(ii) Prove that (𝑎 + 𝑏)(𝑎 + 𝜔𝑏)(𝑎 + 𝜔2𝑏) = 𝑎3 + 𝑏3. [2] 

 

End of Question 11 
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Question 12 (15 marks) 

Use a NEW sheet of paper. 

 

(a) It is given that |𝑧 + 2| <
1

3
, show that |6𝑧 + 11| ≤ 3. [2] 

 

 

(b) Sketch the region Re(𝑧) ≥ |𝑧 − 𝑧̅|2. [3] 

 

 

(c)              

(i) Show that an equation of the line that goes through the points  

(8, −19, 13) and (7, −15, 10) is [2] 

 

�̰� = (8 − 𝜆)�̰� − (19 − 4𝜆)�̰� + (13 − 3𝜆)�̰� 

 

(ii) Take an interval on the line �̰� such that −3 ≤ 𝜆 ≤ 7 and find a 

point that divides the interval internally into a ratio of 3:2. [2] 

 

 

(d)     

(i) Explain why a cubic polynomial equation always has a real root. [1] 

 

(ii) The cubic equation 𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 = 0 has a pure imaginary 

root. If the coefficients are real show that 𝑑 = 𝑏𝑐 and 𝑐 > 0. [2] 

 

 

(e) If |𝑧 − 2𝑖| = 1, find the greatest value of |𝑧 − 3|. [3] 

 

 

 

End of Question 12  
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Question 13 (15 marks) 

Use a NEW sheet of paper. 

 

(a) Numbers such as 6 and 28 are known as perfect numbers because they 

are equal to the sum of their factors, excluding the number itself. 

 

A conjecture has been proposed that: if 𝑝 is a perfect number then any 

multiple of 𝑝 is also a perfect number. 

(i) Use a counterexample to disprove this conjecture. [1] 

 

(ii) Prove that: if 𝑝 is a perfect number then no multiple of 𝑝 is a 

perfect number. [2] 

 

 

(b)       

(i) Write down the greatest and least values of the expression [1] 
1

5 + 3 cos 𝑥
 

 

 

(ii) Show that [2] 

𝜋

16
≤ ∫

𝑑𝑥

5 + 3 cos 𝑥

𝜋
2

0

≤
𝜋

4
 

 

 

(iii) Use the 𝑡-formulae to evaluate, correct to 3 decimal places, [3] 

 

∫
𝑑𝑥

5 + 3 cos 𝑥

𝜋/2

0

 

 

(c)     

(i) Given that 𝑧 = cos 𝜃 + 𝑖 sin 𝜃, show that sin 𝜃 =
1

2𝑖
(𝑧 −

1

𝑧
). [1] 

 

(ii) Express sin5 𝜃 in terms of multiples of 𝜃. [3] 

 

 

(iii) Hence, find ∫ sin5 𝜃 𝑑𝜃. [2] 

 

End of Question 13 
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Question 14 (15 marks) 

Use a NEW sheet of paper. 

 

(a) Triangle 𝐴𝑃𝐵 is isosceles with 𝑃𝐴 = 𝑃𝐵 and ∠𝐴𝐵𝑃 = 𝛼. Points 𝐴 and 𝐵 are 

represented by the complex numbers 𝑧 and 𝑤 repectively and 𝑀 is the 

midpoint of 𝐴𝐵. 

 

 
 

(i) Explain why the distance 𝑀𝑃 =
1

2
|𝑤 − 𝑧| tan𝛼. [1] 

 

(ii) Show that the vector 𝑀𝑃⃗⃗⃗⃗ ⃗⃗  =
1

2
𝑖(𝑤 − 𝑧) tan𝛼. [2] 

 

(iii) If 𝛼 = 45° show that the complex representation of the point 𝑃 is  [2] 

 
1

2
(𝑤 + 𝑖𝑤 + 𝑧 − 𝑖𝑧). 

 

 

 

(b) Use mathematical induction to prove that the following is true for every 

integer 𝑛 ≥ 2, [3] 

 

1

2
+

2

3
+ ⋯+

𝑛

𝑛 + 1
<

𝑛2

𝑛 + 1
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(c) If tan𝛼 , tan𝛽 , tan 𝛾 are the roots of the equation [2] 

 

𝑥3 − (𝑎 + 1)𝑥2 + (𝑐 − 𝑎)𝑥 − 𝑐 = 0, 

 

show that 𝛼 + 𝛽 + 𝛾 = 𝑛𝜋 +
𝜋

4
, where 𝑛 is an integer. 

 

 

 

 

(d) Consider the line �̰� = 𝜆 [
1
2
1
]. 

 

(i) Using the method of vector projections, show that the position 

vector of the point on the line �̰� closest to the point (𝑥0, 𝑦0, 𝑧0) is 

 [2] 

𝑥0 + 2𝑦0 + 𝑧0

6
[
1
2
1
] 

 

(ii) Hence, find the point on the line �̰� that is closest to a second line  [3] 

 

�̰� = [
4
1
0
] + 𝑡 [

−1
1
5

], where 𝑡 ∈ (−∞,∞). 

 

 

 

 

End of Question 14 
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Question 15 (15 marks) 

Use a NEW sheet of paper. 

 
(a)             

(i) Given 𝑓(𝑥) = 𝑓(𝑎 − 𝑥) and using the substitution 𝑢 = 𝑎 − 𝑥, 

prove that [2] 

∫ 𝑥𝑓(𝑥)
𝑎

0

𝑑𝑥 =
𝑎

2
∫ 𝑓(𝑥)

𝑎

0

𝑑𝑥 

 

 

(ii) Hence, or otherwise, evaluate in exact form: [2] 

 

∫
𝑥 sin 𝑥

1 + cos2 𝑥

𝜋

0

𝑑𝑥 

 

 

 

(b) A particle 𝑃 of mass 3 kg has simple harmonic motion in the 𝑥-direction 

described by the equation �̇�2 = 25𝜋2 − 𝜋2𝑥2, where 𝑥 is in metres. 

 

(i) Show that 𝑥 = 5 cos(𝜋𝑡), where 𝑡 is in seconds, is a solution to the 

equation. [1] 

 

(ii) The particle is also undergoing simple harmonic motion in the      

𝑦-direction such that 𝑦 = 5 sin(𝜋𝑡). Hence, the position of the 

particle can be represented in vector form by,  

 

Position 

[
𝑥
𝑦] = [

5 cos(𝜋𝑡)

5 sin(𝜋𝑡)
] 

 

Show that the particle’s velocity and acceleration can be described 

by the following vector equations, [1] 

 

Velocity 

[
�̇�
�̇�
] = [

−5𝜋 sin(𝜋𝑡)

5𝜋 cos(𝜋𝑡)
] 

 

Acceleration 

[
�̈�
�̈�
] = [

−5𝜋2 cos(𝜋𝑡)

−5𝜋2 sin(𝜋𝑡)
] 
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Part (b) continued… 

 

 

(iii) Show that the equation of the path of the motion is a circle and find 

the radius and period of the motion. [3] 

 

(iv) Describe the particle’s acceleration vector relative to its position 

vector, at any time 𝑡, by referring to its direction and proportionality. [2] 

 

(v) Find the dot product of the velocity and acceleration vectors. 

What does this imply about the motion? [2] 

 

(vi) The particle 𝑃 is moving on a smooth table and is attached to a second 

particle 𝑄 hanging below the table by a light string, as shown in the 

diagram. Taking gravity as 𝑔 = 10 𝑚/𝑠2, find the mass of the second 

particle 𝑄 that is needed to allow for the motion of the first particle 𝑃. [2] 

 

 

 
 

 

End of Question 15 
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Question 16 (15 marks) 

Use a NEW sheet of paper. 

 

(a)      

(i) Show that, [3] 

2 sin 𝜃 ∑ sin 2𝑘𝜃

𝑛

𝑘=1

= cos 𝜃 − cos(2𝑛 + 1)𝜃 

 

(ii) Hence, evaluate in exact form, 

 [2] 

2 ∑ sin
𝑘𝜋

6
cos

𝑘𝜋

6

302

𝑘=1

 

 

 

 

(b) Given that 𝑥, 𝑦 and 𝑧 are positive real numbers. 

 

(i) Prove that 2√𝑥𝑦 ≤ 𝑥 + 𝑦. [1] 

 

(ii) Hence, conclude that 8𝑥𝑦𝑧 ≤ (𝑥 + 𝑦)(𝑥 + 𝑧)(𝑦 + 𝑧). [2] 

 

(iii) Let 𝑎, 𝑏 and 𝑐 be the sides of a triangle. Show that [2] 

 

 (𝑎 + 𝑏 − 𝑐)(𝑎 − 𝑏 + 𝑐)(−𝑎 + 𝑏 + 𝑐) ≤ 𝑎𝑏𝑐. 

 

 

(c)     

(i) Prove that √𝑥(1 − √𝑥)
𝑛−1

= (1 − √𝑥)
𝑛−1

− (1 − √𝑥)
𝑛

  [1] 

 

(ii) Let  

𝐼𝑛 = ∫ (1 − √𝑥)
𝑛
𝑑𝑥

1

0

  where 𝑛 = 1, 2, 3, … 

 

 show that [3] 

𝐼𝑛 =
𝑛

𝑛 + 2
𝐼𝑛−1 

 

(iii) Hence evaluate 𝐼100. [1] 

 

 

End of Question 16 

End of Exam 





















 

 

 

       

Some students didn’t know the difference 
between a factor and a multiple. 





 

Pat (b) was generally done very 
well. Lots of students gave the 
final answer in degrees instead of 
radians. 



Most students did not show these 
results for n=3 and 5. Though they 
didn’t lose marks for this in a similar 
question in the HSC they will. Given 
that part (i) was proving for n=1 
these results cannot be assumed. 



Many students did the 90° rotation by 
multiplying by  they did not show 
the scaling needed for the difference 
in lengths. 



 

Many students setting out for this induction 
was difficult to follow. Side results you 
need to prove your induction step should be 
done separately from the induction structure 
and then only referenced within the 
structure. To see how to reference results 
look at the solutions to the 2017 SGHS 
THSC question 16 (c). 



Most students that gained full marks for this 
question used this method. 



 

 

              



Many students found these two points but 
then didn’t go onto find the  value that 
minimize the distance between them. 
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