
SYDNEY GRAMMAR SCHOOL TRIAL EXAMINATION 2002 

FORM VI MATHEMATICS EXTENSION 2 

Time allowed: 3 hours (plus 5 minutes reading) 

Instructions: 

All questions may be attempted. 
All questions are of equal value. 
Part marks are shown in boxes in the right margin. 
All necessary working must be shown. 

Exam date: 7th August 2002 

Marks may not be awarded for careless or badly arranged work. 
Approved calculators and templates may be used. 
A list of standard integrals is provided at the end of the examination paper. 

Collection: 

Each question will be collected separately. 
Start each question in a new 4-page examination booklet. 
If you use a second booklet for a question, place it inside the first. Don't staple. 
Write your candidate number on each answer booklet. 

' 

Checklist: 

SGS Examination booklets required - 8 booklets per boy. 
60 Boys 
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QUESTION ONE (Start a new answer booklet) 

(a) Find j :x 0 

x ogx 

(c) Use the substitution u = v'f=X to evaluate 11 

x2 v'f=Xdxo 

(d) Use integration by parts to evaluate 11 

sin-1 xdxo 

0 0 5x2 - 5x + 14 ax + b c 
(e) (1) Fmd real numbers a, band c such that (x2 + 4)(x _ 2) = x2 + 4 + x _ 2 o 

(Oo) F" d j 5x
2 

-' 5x + 14 d 
11 m (x2 + 4)(x- 2) x. 
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QUESTION TWO (Start a new answer booklet) 

(a) Let z = 1 + 2i and w = 3 + i. Find _!._ in the form x + iy. 
zw 

(b) (i) Express ~(-1 + iJ3) in modulus-argument form. 

(ii) Hence express :
6 

( -1 + iv'3)4 in the form x + iy. 

(c) Sketch the region in the Argand plane where the inequalities 

1r ( ') 37r -<argz-~ <-4- - 4 

both hold simultaneously. 

and lz- il ::::; 2 

1 
(d) The origin 0 and the points A, Band C representing the complex numbers z, - and 

z 

z + ~ respectively are joined to form a quadrilateraL Write down the condition or 
z 

conditions for z so that the quadrilateral OABC will be 

(i) a rhombus, 

(ii) a square. 

Marks 

(e) (i) Write down the six complex sixth roots of unity in modulus-argument form. ~ 
Sketch the roots on an Argand diagram and explain why they form a regular 
hexagon. 

(ii) Factorise z6 - 1 completely into real factors. 

4utrialjnc 6/8/02 Exam continues over leaf ... 
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QUESTION THREE (Start a new answer booklet) 

(a) 

(b) 

y 

0 

Let f(x) = -(x- 3)(x + 1). In the diagram above, the graph of y = f(x) is drawn. 
On separate diagrams, and without the use of calculus, sketch the following graphs. 
Indicate clearly any asymptotes, any intercepts with the coordinate axes, and any 
other significant features. Each diagram should take about ten lines. Marks 

(i) Y = lf(x)l, [I] 

( .. ) 1 f2l 
11 Y = f(x)' ~ 

(iii) y = ef(x), [I} 
(iv) y2 = f(x). [I} 

y 

0 

In the diagram above, the circle (x- 2)2 + y2 = 1 is drawn. The region bounded by 
the circle is rotated about the line x = 1. 

(i) Use the method of cylindrical shells to show that the volume of the solid so formed [!] 
is given by 

V = 47r 13 

(x- 1)-vh- (x- 2)2 dx. 

(ii) By using the substitution x - 2 = sin 0, or otherwise, evaluate the integral in [!] 
part (i) to find the volume of the solid. 

4utrialjnc 6/8/02 Exam continues next page . , . 
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QUESTION FOUR (Start a new answer booklet) 
Marks 

(a) Find all the roots of the equation 12x3 + 44x2
- 5x- 100 = 0, given that two of the [!] 

roots are equal. 

(b) Each of the following statements is either true or false. Write TRUE or FALSE for 
each statement and give brief reasons for your answers. (You are NOT required to 
evaluate the integrals.) 

(c) 

(i) fol e-~x2 
dx = 0, 

(ii) 1: tan7 xdx = 0, 
4 

(iii) 

(iv) 

'' 
! 

In the diagram above, ~ABC is isosceles with AB = AC = 5 and BC = 6 and with 
AM perpendicular to BC. The point P lies inside the triangle so that AP j_ C P and 
LABP = LBCP =a. Let BP produced meet AC at D, and let 9 = LACP. 

(i) Explain why A, P, M and C are concyclic. 

(ii) Join PM. Give a reason why LPMA = 9. 

(iii) Prove that 6MPA lli6BPC. 

(iv) Show that tan9 = ~. 
3 

AP 
i'C 

(v) Use the sine rule in 6BDC to show that DC= 
1
3
°. [I] 
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QUESTION FIVE (Start a new answer booklet) 
Marks 

(a) The circular bend on a bike track has a constant radius of 20 metres and is banked ~ 
at a constant angle of 30° to the horizontal. A bicycle rider can safely negotiate the 
bend if the maximum sideways thrust F, up or down the slope, is at most one-tenth 
of the normal reaction N. By resolving the forces vertically and horizontally, show 
that the range of speeds V, correct to two decimal places and in metres per second, 
at which the bend can be safely negotiated is 

9·50 ~ v ~ 11·99. 

Take g = 10m/s2
. 

(b) (i) Use de Moivre's theorem to show that cos30 = 4cos3 0- 3cos0. [I] 

(ii) Deduce that 8x3
- 6x- 1 = 0 has solutions x =cosO, where cos30 = ~- @] 

(iii) Find the roots of 8x3 - 6x- 1 = 0 in the form cosO. @] 
• 1r 27r 47r r;;l 

(1v) Hence evaluate cos 
9 

cos 9 cos -g· t.!J 

QUESTION SIX (Start a new answer booklet) 

Marks 

(a) (i) Show that :x ( loge (sec x + tan x)) = sec x. [I] 
.,.. 

(ii) Hence or otherwise show that 1" sec X dx = loge ( J2 + 1). m 
,.. 

(iii) Let In = 1" seen x dx. Use integration by parts to show that for n ;::: 2, [!] 

In = n ~ 'l ( ( J2)n-2 + (n- 2)In-2). 

(iv) Hence find /3. 

QUESTION 6 CONTINUES ON THE NEXT PAGE. 
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(b) 

(c) 

In the diagram above, the shaded region R is bounded by the upper branch of the 
hyperbola y = J x2 + a2 , the lines x = -a and x = a, and the x-axis, where a is 

positive. Show that the area of this region is given by a2 
( v'2 + loge ( J2 + 1)) . You 

may use the results of part (a). 

-4 

.x!_ 2 

16 +-=f= 1 

2 2 
In the diagram above, a solid is constructed with base the ellipse ~ + ¥__ = 1. Each 

16 9 
cross-section perpendicular to the y-axis is a plane figure that is similar to the region 
R described in part (b). Find the volume of this solid. 

4utrialjnc 6/8/02 Exam continues overleaf ... 



SGS Trial 2002 .............. Form VI Mathematics Extension 2 .............. Page 8 

QUESTION SEVEN (Start a new answer booklet) 

(a) 

A 

In the diagram above, 0 is the centre of the circle, PT is a tangent to the circle and 
PT = PA. Let LACP =a and LBCT = {3. 

(i) Show that D.PBT Ill D.PTC. 

(ii) Show that D.APB Ill D.CPA. 

(iii) Show that DE II AP. 

QUESTION 7,CONTINUES ON THE NEXT PAGE. 

4utrialjnc 6/8/02 Exam continues next page ... 
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12n dx 
(b) (i) Show that n Vx = 2y'n(J2 -1). 

(ii) 

1 
Jn 

--~r-------------~--~--~----------~~~~--------~x n n+1 n+2 2n-1 2n 0 

In the diagram above, the graph of y • Jx has been drawn, and n upper and 

lower rectangles have been constructed' between x = n and x = 2n, each of width 
. 1 1 1 1 

1 umt. Let Sn = r:::::--;-:j" + r:::::--;-;:i + r::::.-;--<; + · · · + to::. 
v n + 1 v n + 2 v n + 3 v 2n 

(a) By considering the sums of areas of upper and lower rectangles, show that: [iJ 

2y'n(y'2- 1) + 1 --1! < Sn < 2vfn( y'2- 1) 
\ v2n 

(/3) Hence find, correct to four decimal places, [I] 
1 1 1 1 

--;:::::::;;::== + + + ... + --::::====:=:~ 
v'108 + 1 v'10s + 2 y'10s + 3 v'2 x 108 · 

4utrialjnc 6/8/02 Exam continues overleaf ... 
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QUESTION EIGHT (Start a new answer booklet) 

Marks 

(a) (i) If a and bare any positive real numbers, prove that a; b 2:: v'ab. ~ 

(ii) The generalisation of the result found in part (i) states that 'the arithmetic mean @] 
of n positive real numbers is always greater than or equal to their geometric 
mean'. That is, if a1 , a2 , ..• , an are positive real numbers, then 

Assume this result and prove that n! :::=; ( n ; 
1

) n, for any positive integer n 2:: 1. 

(There is no need to use mathematical induction.) 

(b) A particle P of mass m slides smoothly in a horizontal circle on the inner surface of 
a hemi-spherical shell with centre 0 and radius r. The interval 0 P makes an angle 
of (J with the vertical through 0. 

(i) Show that the speed v of the particle is given by v2 = grsinOtanO, where g is @] 
the acceleration due to gravity. 

(ii) Show that the magnitude of the force N exerted by the shell on the particle is [!] 
given by 

1r 

(c) Let In= 12 
sinn x dx. 

(n-1) (i) Show that In = -n- In-2, for n > 2. 

1r 

(ii) Hence show that (
2 

sin2n x dx = 7r(2n)! . 
}(!) 22n+l(n!)2 

JNC 
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