SYDNEY GRAMMAR SCHOOL

BR
-
* * K

*

2019 Trial Examination

FORM VI

Monday 12th August 2019

CANDIDATE NUMBER

MATHEMATICS EXTENSION 2

General Instructions

Reading time — 5 minutes

Writing time — 3 hours

Write using black pen.

Board-approved calculators and
templates may be used.

Total — 100 Marks
e All questions may be attempted.

Section I — 10 Marks
e Questions 1-10 are of equal value.

e Record your answers to the multiple
choice on the sheet provided.

Section ITI — 90 Marks

e Questions 11-16 are of equal value.

e All necessary working should be shown.

e Start each question in a new booklet.

Checklist

SGS booklets — 6 per boy
Multiple choice answer sheet
Question 16 Working Sheet

Reference sheet

Candidature — 85 boys

Collection

e Write your candidate number on each
answer booklet and on your multiple
choice answer sheet.

e Hand in the booklets in a single well-
ordered pile.

e Hand in a booklet for each question
in Section II, even if it has not been
attempted.

e If you use a second booklet for a
question, place it inside the first.

e Write your candidate number on this
question paper and hand it in with your
answers.

e Place everything inside the answer
booklet for Question Eleven.

Examiner
DWH/GMC
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SECTION I - Multiple Choice

Answers for this section should be recorded on the separate answer sheet
handed out with this examination paper.

QUESTION ONE

Which expression is equal to / xe® dx?

(A) ze® —e* 4+ C
(B) ze® +e"+C
(C) ze* —e ™+ C
(D) ze®" +e "4+ C

QUESTION TWO

If 2 is any complex number, which of the following is a correct simplification of 2z — |z|*?

(A) 1

(B) 0

(€) (z+2)(z—-72)
(D) (z+iz)(z —iz)

QUESTION THREE

Let P(x) = 2* 4+ 2% — 12. Which of the following is a factor of P(x)?
A) z+3

B) z+V3
C) z+3i
)

(
(
(
(D) = +iV3

Examination continues next page ...
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QUESTION FOUR

2a
Which expression is always equal to / f(x)dx?
0
2a
(A) f(2a — z)dz
0
2a

(B) i (a — x)dx
(C) 2/0 f(2a — x) dx

(D) 2/0af(a—a:)da:

QUESTION FIVE
Which graph best represents the curve y = In |x| ?

(A) (B)
y" y!\
Z1 11 X “1 1 %
(©) (D)
i ya
21 1 X /1 ) X

Examination continues overleaf ...



SGS Trial 2019 ............. Form VI Mathematics Extension 2 ............. Page 4

QUESTION SIX

Let f(x) be an odd function and g(x) be an even function.
Which of the following statements is NOT true?

A) g(g(z)) is an even function.

(

(B) g(f(x)) is an even function.
(C) f(g(x)) is an odd function.
(D) f(f(x)) is an odd function.

QUESTION SEVEN

A particle of mass m kg has acceleration am/s* proportional to the square of its velocity
vm/s. Hence ma = —kv?, where k is some positive constant. Which of the following
integrals will find a relation between the time ¢ seconds and v?

t—/mdv

(B) t_/kUQ dv

—k

k

QUESTION EIGHT

The diagram shows the locus of points representing the complex number z on the Argand
plane, being a parabola with focus at the point represented by the number 1.

Im A

(A) [z +i] = Re(z) -

(B) |z+i =Im(z) — 1
(C) |z—1i| =Re(z2) +1
(D) |z —i] =Im(z) + 1

Examination continues next page ...
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QUESTION NINE

The region enclosed by the curve y = (2* —1)? and the axes in the first quadrant is rotated
about the y-axis, as shown below.

I y=@ -1y

S

X

-1 1

By slicing perpendicular to the axis of rotation, which of the following gives the volume V'
of the resulting shape?

<A>v:w/0 (1—v5) dy
<B>v:w/0 (1+v5) dy
<c>v:w/0 (1— v5) dy

O) V=r [ (145 dy

QUESTION TEN

The following formula, called a convolution, is used in signal processing to describe the
impact of the signal f on the signal g over a period of ¢ seconds:

(f*g)(t) = / £(8)g(t — s)ds

Which of the following is true if f(z) =1 and g(z) = e *?
A) (frg)t) = e —1

(
(B) (frg)(t)=1—c
Q) (Frg)(t)=et —1
(D) (frg)t) =1

End of Section I

Examination continues overleaf ...
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SECTION II - Written Response

Answers for this section should be recorded in the booklets provided.
Show all necessary working.

Start a new booklet for each question.

QUESTION ELEVEN (15 marks) Use a separate writing booklet. Marks

(a) Let z=3—3i and w = V3 +1.

(i) Express w in modulus—argument form.

][]

(ii) Express zw in modulus—argument form.

(b) A curve is defined by the pair of parametric equations x = 5cos 6, y = 3sinf.
(i) Find the Cartesian equation of the curve.
(ii) Find a focus and directrix of the curve.

(iii) Sketch the curve, showing the features found in (ii).

(o] [mo] [o] [=]

(¢) Two complex numbers z and w have equal moduli and the angle subtended at the
origin by the interval between them is a right angle. Show that 2% + w? = 0.

(d) The diagram below shows the graph of y = f(x) .
Y

1
-1 /1 o

~1-1) !

Draw a separate half-page diagram for each of the following functions, showing any
intercepts, turning points and vertical asymptotes.

Examination continues next page ...
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QUESTION TWELVE (15 marks) Use a separate writing booklet. Marks
(a) (i) Expand (cosf +isin6)’.
(ii) Use De Moivre’s Theorem to prove that sin30 = 3sinf — 4sin® 4.

(b) A particle of unit mass is dropped from rest and experiences air resistance proportional
to the square of its velocity vms™!. Its equation of motion is & = 10 — kv?, where zm
is the distance it falls from the point it is dropped, 10 ms™? is the acceleration due to
gravity and k is some positive constant.

1 10
i) Show that z = —1 — ). 3
(i) Show that & = o OgE(lo—W)
. . . . 1. 10
(ii) Show that its terminal velocity V ms™" is given by V = -
(iii) The particle reaches half its terminal velocity when it has fallen 250 metres.
Find k.

(c) The polynomial P(z) = 3z* — 42® — 62® + 202 — 16 has a zero at x = 1 +1.

(i) Find a quadratic factor of P(x).
(ii) Factorise P(z) into linear factors.
QUESTION THIRTEEN (15 marks) Use a separate writing booklet. Marks
1
(a) Evaluate / Ve dz .
o 1+x

(b) Let w # 1 be a complex cube root of unity.
(i) Show that w? +w+1=0.

(ii) Hence, or otherwise, evaluate the expression (w + 1)(4w? +w + 1)2.

][] [=]

(c) The polynomial Q(z) = 22® — 2? + 4x — 5 has zeros «,  and 7. Find a polynomial
with zeros o + 3, a« + v and 3 4 . You may leave your answer in unsimplified form.

(d) Consider the complex numbers z = 2cis <(4k1_01)7r), where k is an integer.

(i) On an Argand diagram, carefully plot zj for kK = —2,—1, 0, 1 and 2.

[=][x]

(ii) Hence deduce the value of a and b if the complex numbers z;, are solutions to the
equation z° = a + ib.

]

1
(e) (i) By substituting u = z + — into the equation 3z* + 102 + 92 + 102+ 3 = 0, show
z

that 3u® + 10u+3 =0.
(ii) Hence, or otherwise, solve 32* + 102 4+ 92?2 + 102 +3=0.

]

Examination continues overleaf ...
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QUESTION FOURTEEN (15 marks) Use a separate writing booklet. Marks

(a) Below is a diagram of the One World Trade Centre building in New York.

K~ \top
square .
q typical A
Cross
section

typical
Cross
section

420 m

square

base \ 4
bquare 60 m

The building is 420 metres tall with a square base of side length 60 metres. The top of
the tower is a square parallel to the base with a diagonal of length 60 metres oriented
at 45 degrees to the base.

The typical cross section of the tower at hmetres above the ground is an octagon
inscribed in a square the same size as the base of the building. Let x metres be the
distance from any vertex of the octagonal cross section to the closest vertex of the
circumscribed square, as shown in the diagram above.

(i) By finding the relationship between x and h, show that the area of the cross

1
section is given by A = 3600 — %hQ square metres.

(ii) Hence find the exact volume of the tower.

Examination continues next page ...
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QUESTION FOURTEEN (Continued)
(b) For positive integers n, show (1 + cos 26 + isin 26)" = 2" cos” 9<Cos(n9) +1 sin(n@)).

0 r+8
(c) Evaluate /_1 @ 20-2) dz .

1 1
(d) The formula 4 tan™* £ tan™ 239 = % was discovered by John Machin in 1706 and

was used to calculate 7 before computers were invented.

5
127

1 1
(ii) Show that 4tan™' 5~ tan™ 239 — %
23 5
e = o — 3 + = for x < 1, use Machin’s formula to generate an

approximation of 7w, rounding your answer to five decimal places.

1
(i) Show that tan (2 tan~! 3)

(iii) Given tan™

Examination continues overleaf ...
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QUESTION FIFTEEN (15 marks) Use a separate writing booklet. Marks

(a) The region enclosed by the curve y = log, x, the line z = e and the z-axis is shown in
the diagram.

YA

Find the volume of the solid formed by rotating this region about the x-axis.

(b) Let I,, = /cosec” xdx , for integers n > 0.

d
(i) Show that . (cotx) = — cosec? z.
x
.. —cotzcosec" 2x  m—2 .
(ii) Show that I,, = 7 + 1In_2 for integers n > 2.
n— n—
57/6
(iii) Hence, or otherwise, find / cosec’ z dz.
/6

(c) The polynomial P(x) = x> — 32 4+ 4z — 1 has zeros «, 3 and 7.

(i) Show that Q(z) = 2® — 2* 4+ 102 — 1 has zeros o, 3% and 2.
(ii) Hence, or otherwise, find a polynomial with zeros 1 —«, 1+, 1 =3, 14+ 8,1 —7~
and 1+ 7.

Examination continues next page ...
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QUESTION SIXTEEN (15 marks) Use a separate writing booklet. Marks

(a) Show the following;:
(1) tan2g+2tang:1

(i) (2+2v2) tan® < —2tan

ool 3
]

1
(b) Consider the function f(z) =z + —.

x

(i) Without using calculus, sketch y = f(x), showing any asymptotes.

.. : : 1 :

(ii) Consider a point P (p,p + —) on the curve y = f(z) in the first quadrant. Let

p
S be the point (k tan %, k) and let @) be the foot of the perpendicular from P

to the line x tan g +y —k =0, where k2 = 2 +2V/2.
Using part (a), show that PS? = PQ? sec? g .

1
(iii) Hence justify that the curve y = x + — is a hyperbola.
x

Examination continues overleaf ...
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QUESTION SIXTEEN (Continued)

(¢) NOTE: You do NOT need to copy the diagram below. It has been reproduced on a
separate Working Sheet. Write your candidate number on the Working Sheet.

Write your solution in your Writing Booklet NOT on the Working Sheet, and insert
the Working Sheet in your Writing Booklet for Question Sixteen.

In the diagram above, AB and C'D are chords of equal length in circle C; with centre O.
When produced, AB and C'D meet at E. Chords AC' and BD both intersect OF
at X.

Let C2 be the circle with diameter OF, and let Csy intersect C; at Y and Z.
You may assume that the whole configuration is symmetric in the line OF.
(i) Prove that DOBE is a cyclic quadrilateral.

(ii) Consider the line [ passing through X perpendicular to OF. Let the chord in Cy
on [ have length 2z and let the chord in Cs on [ have length 2y.
Show that Y and Z lie on [.

End of Section 11

END OF EXAMINATION
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CANDIDATE NUMBER

Insert this sheet in your Writing Booklet for Question Sixteen.
Use this sheet to mark angles and any other working you need.
Write your solution in your Writing Booklet, NOT on this sheet.

QUESTION SIXTEEN: Working Sheet
()




CANDIDATE NUMBER

SYDNEY GRAMMAR SCHOOL

Question One
AO BO CO DO
Question Two

AO BO CO DO

201
. 0 9. . Question Three
Trial Examination
FORM VI AO BO CO DO

Monday 12th August 2019 AO BO CO DO

Question Five
AO BO CO DO
Question Six

Record your multiple choice answers AO BO CO DO
by filling in the circle corresponding

. . uestion Seven
to your choice for each question. Q

AO BO CO DO
Fill in the circle completely. Question Eight

AO BO CO DO
Each question has only one correct

answer. Question Nine
AO BO CO DO
Question Ten

AO BO CO DO
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