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Section I

Questions in this section are multiple-choice.
Choose a single best answer for each question and record it on the provided answer sheet.

1. Which of the following is the converse of ∼ P ⇒Q ?

(A) ∼ Q⇒P

(B) Q⇒ ∼ P

(C) P ⇒Q

(D) ∼ P ⇒ ∼ Q

2. Which of the following is a primitive of tan4 2x sec2 2x ?

(A) tan5 2x

(B)
1

2
tan5 2x

(C)
1

5
tan5 2x

(D)
1

10
tan5 2x

3. What is the smallest positive value of θ such that eiθ × e2iθ = i ?

(A)
π

12

(B)
π

6

(C)
π

3

(D)
5π

6

4. What is the approximate size of the angle between the vectors

⎡
⎣ 2
−3
1

⎤
⎦ and

⎡
⎣ 1

2
−1

⎤
⎦ ?

(A) 57◦

(B) 93◦

(C) 123◦

(D) 158◦
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5. What are the zeros of the polynomial P (x) = x3 − 3x2 + x + 5?

(A) 1, −2 + i, −2 − i

(B) 1, 2 + i, 2 − i

(C) −1, −2 + i, −2 − i

(D) −1, 2 + i, 2 − i

6. Which expression is equivalent to

∫
(lnx)2 dx ?

(A) x (lnx)2 − 2

∫
lnx dx

(B) (lnx)2 − 2

∫
ln x dx

(C) x (lnx)2 − 2

∫
x lnx dx

(D) 2

∫
lnx dx

7. The displacement x of a particle in metres after t seconds is given by x = 2 + 4 sin2 t. How
far will the particle travel in the first 2π seconds?

(A) 0 metres

(B) 2 metres

(C) 8 metres

(D) 16 metres

8. The polynomial P (z) has real coefficients. The complex number α is of the form a + ib,
where a and b are both real, non-zero and distinct.

If P (a), P ′(a), P (b), P ′(b) and P (α) are all zero, what is the minimum degree of P (z) ?

(A) 4

(B) 5

(C) 6

(D) 7

– 3 –



Form VI Mathematics Extension 2 Trial HSC Examination August 2020

9. Without evaluating the integrals, which of the following integrals has the largest value?

(A)

∫ π

−π

x cosx dx

(B)

∫
1

−1

ln(x2 + 1) dx

(C)

∫ 1

0

(2−x − 1) dx

(D)

∫ π

4

−
π

4

(
sin−1 x

)3

dx

10. A complex number z is defined such that |z − 1| = |z + 2 − i
√

3|.
What is the value of Arg(z) when |z| is a minimum?

(A)
π

6

(B)
π

3

(C)
2π

3

(D)
5π

6

End of Section I

The paper continues in the next section
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Section II

This section consists of long-answer questions.
Marks may be awarded for reasoning and calculations.
Marks may be lost for poor setting out or poor logic.
Start each question in a new booklet.

QUESTION ELEVEN (15 marks) Start a new answer booklet. Marks

(a) 2Express
1 − 8i

2− i
in the form a + ib, where a and b are real.

(b) Find:

(i) 2

∫
x cosx dx

(ii) 2

∫
dx

x2 + 4x + 8

(c) 2Find any values of λ for which the vectors

⎡
⎣−2

λ

2λ

⎤
⎦ and

⎡
⎣ 4

λ

−1

⎤
⎦ are perpendicular.

(d) (i) 2Find the constants A, B and C such that

5x2 − x + 5

(x2 + 2)(x − 1)
=

Ax + B

x2 + 2
+

C

x − 1
.

(ii) 2Hence find

∫
5x2 − x + 5

(x2 + 2)(x − 1)
dx .

(e) 3Three lines have equations:

y = px + b1

y = qx + b2

y = rx + b3

where p, q, r, b1, b2 and b3 are real constants and p, q and r are distinct.

Use proof by contradiction to show algebraically that these lines cannot be perpendicular
to one another.
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QUESTION TWELVE (15 marks) Start a new answer booklet. Marks

(a) 3Sketch the region in the complex plane which simultaneously satisfies

|z| <
√

2 and 0 ≤ arg(z) ≤ π

4
.

Clearly label the coordinates of any corners of the region, indicating if they are included in
the region.

(b) 3Using the substitution t = tan
x

2
, or otherwise, evaluate

∫ π

2

0

dx

2 + sin x + 2 cosx
.

(c) 2Use proof by contraposition to show that for x ∈ Z, if x2 − 6x + 5 is even, then x is odd.

(d) (i) 2By solving the equation z3 + 1 = 0, find the three cube roots of −1.

(ii) 2Let ω be a non-real cube root of −1. Show that ω2 = ω − 1.

(iii) 1Hence simplify (1 − ω)6.

(e) 2If x and y are positive real numbers, then x + y ≥ 2
√

xy . (Do NOT prove this.)

If a and b are positive real numbers, show that (a + b)

(
1

a
+

1

b

)
≥ 4.
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QUESTION THIRTEEN (16 marks) Start a new answer booklet. Marks

Im

ReO

B
A

M

N

(a)

The diagram above shows the points O, A, B, M and N on the complex plane. These points
correspond to the complex numbers 0, a, b, m and n respectively. The triangles OAB and

OMN are equilateral. Let α = e
iπ

3 .

(i) 1Explain why m = αn.

(ii) 2Use complex numbers to show that AM = BN .

(b) Two of the zeros of P (x) = x4 − 12x3 + 54x2 − 108x + 85 are a + ib and 2a + ib, where a

and b are real and b > 0.

(i) 3Find the values of a and b.

(ii) 1Hence or otherwise express P (x) as the product of quadratic factors with real coeffi-
cients.

(c) 3Two lines are defined by v˜ =

⎡
⎣ 2
−1
−5

⎤
⎦+λ

⎡
⎣ 4
−2
−5

⎤
⎦ and u˜ =

⎡
⎣ 4
−3
3

⎤
⎦+μ

⎡
⎣−5

3
1

⎤
⎦, where λ, μ ∈ R.

Show that the two lines intersect at a single point.

Question Thirteen continues over the page
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QUESTION THIRTEEN (Continued)

(d)

The diagram above shows �ABC, where A, B and C have position vectors a˜, b˜ and c˜respectively. The points P , Q and R bisect the intervals AB, BC and CA respectively.

(i) 1Show that
−→
AQ = 1

2
(c˜ + b˜)− a˜ .

(ii) 2Show that
−→
AQ +

−−→
BR +

−−→
CP = 0˜ .

(e) 3A sequence an is defined recursively by an = an−1 + 3n2, where a0 = 0. Use mathematical

induction to show that an =
n(n + 1)(2n + 1)

2
for all integers n ≥ 0.
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QUESTION FOURTEEN (14 marks) Start a new answer booklet. Marks

(a) The polynomial P (x) = x5 +px4 + qx3 +(2q−1)x2 +4px+ r, where p, q, r ∈ R, has a zero
of x = −1 with multiplicity 3.

(i) 3Find the values of p, q and r.

(ii) 2Hence find the other zeros of P (x).

(b) Let In =

∫ π

2

0

xn sin x dx , for integers n ≥ 0.

(i) 2Show that In = n
(

π

2

)n−1 − n(n − 1)In−2 for n ≥ 2.

(ii) 2Hence evaluate

∫ π

2

0

x2 sinx dx .

(c) Let z = eiθ.

(i) 1Show that zn − 1

zn
= 2i sin(nθ).

(ii) 1Show that

(
z − 1

z

)5

=

(
z5 − 1

z5

)
− 5

(
z3 − 1

z3

)
+ 10

(
z − 1

z

)
.

(iii) 3Hence find

∫
sin5 θ dθ .
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QUESTION FIFTEEN (16 marks) Start a new answer booklet. Marks

(a) 2Find

∫ √
x

1 + x
dx .

(b) 3Use mathematical induction to show that for all odd integers n ≥ 1, 4n +5n +6n is divisible
by 15.

(c) A package with mass mkg is dropped from a stationary hovering helicopter. As the package
falls vertically it experiences a force due to gravity of 10m Newtons. When a parachute on
the package is deployed, it experiences a resistive force of magnitude mkv Newtons, where
v is the velocity of the package in metres per second and k is a positive constant.

The vertical displacement of the package y metres from the position where the parachute is
deployed satisfies

mÿ = 10m − mkv ,

where the downwards direction is taken as positive.

(i) 1Let vT be the terminal velocity of the package with the parachute deployed. Find vT

in terms of k.

(ii) The parachute on the package is deployed when its velocity reaches
20

k
ms−1.

(α) 3Show that y =
1

k2

(
20 − kv + 10 ln

∣∣∣∣ 10

10 − kv

∣∣∣∣
)

.

(β) 2In the time that it takes the package to fall 50m after the parachute is deployed,
its velocity decreases by 25%. Find the value of k, giving your answer correct to
two decimal places.

(d) Two lines r1˜ and r2˜ have equations

r1˜ =

⎡
⎣ 0

5
4

⎤
⎦ + λ

⎡
⎣−1

4
3

⎤
⎦ and r2˜ =

⎡
⎣−2

4
1

⎤
⎦ + μ

⎡
⎣−1

2
2

⎤
⎦, where λ, μ ∈ R.

The point A lies on the first line with parameter λ = p, and the point B lies on the second
line with parameter μ = q.

(i) 1Write
−−→
AB as a column vector, writing the components in terms of p and q.

(ii) 3Calculate the value of
∣∣∣−−→AB

∣∣∣ when
−−→
AB is perpendicular to both r1˜ and r2˜ .

(iii) 1State the range of values that
∣∣∣−−→AB

∣∣∣ can take as p and q vary.
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QUESTION SIXTEEN (14 marks) Start a new answer booklet. Marks

(a) (i) 2The function f(x) is continuous for all x ∈ R.

Use the substitution x = π − u to show that

∫
π

0

xf(sinx) dx =
π

2

∫
π

0

f(sinx) dx .

(ii) 3Hence evaluate

∫ π

0

(1 + 2x)
sin3 x

1 + cos2 x
dx .

(b) An object of unit mass is attached to a spring. When the object is pulled and released, it
experiences a force proportional to its displacement x metres, where x = 0 is taken as the
centre of motion. The object moves in simple harmonic motion and the acceleration of the
object is given by ẍ = −P 2x for some constant P > 0.

When the spring and object are submerged in a liquid, the object also experiences a resistive
force proportional to its velocity. Thus, the acceleration of the object is given by

ẍ = −P 2x − Qẋ (∗)
for some constant Q > 0.

The spring is stretched and the object is released. A timer is started once the object reaches
x = A, where A > 0. That is, x = A when t = 0. A graph of the displacement of the object
submerged in liquid after t seconds is shown as follows:

x

t

A

The following questions relate to the motion of the object while it is submerged in liquid
and t ≥ 0.

(i) 3Show that x = Ae−kt cosnt is a solution to the differential equation (∗) if k = 1

2
Q and

n = 1

2

√
4P 2 − Q2 . You may assume that 4P 2 − Q2 > 0.

(ii) 2Let xr be the displacement of the object the rth time that it is instantaneously at rest.

Show that x1 = −Ae
kα

n cosα × e
−kπ

n , where α = tan−1

(
k

n

)
.

(iii) 4The value of the coefficient P relates to the stiffness of the spring, while the value of
the coefficient Q relates to the viscosity of the liquid.

Show that the total distance that the object will move while submerged in a liquid for

t ≥ 0 is dependent only on the value of the ratio
P

Q
.

END OF PAPER
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• Fill in the circle completely.

• Each question has only one
correct answer.

Question One

A © B © C © D ©

Question Two

A © B © C © D ©

Question Three

A © B © C © D ©

Question Four

A © B © C © D ©

Question Five

A © B © C © D ©

Question Six

A © B © C © D ©

Question Seven

A © B © C © D ©

Question Eight

A © B © C © D ©

Question Nine

A © B © C © D ©

Question Ten

A © B © C © D ©
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